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S U M M A R Y 
A s t u d y i s m a d e o f s o m e p h y s i c a l c o n c e p t s a s s o c i a t e d w i t h t w o i n ­
f i n i t e a n d t w o f i n i t e d i f f e r e n t i a l s y s t e m s . O n e o f t h e i n f i n i t e d i f f e r ­
e n t i a l s y s t e m s i s t h e m a t h e m a t i c a l m o d e l o f a n i n f i n i t e c h a i n ( o n e e n d 
a c c e s s i b l e ) o f i d e n t i c a l m a s s e s c o u p l e d b y i d e n t i c a l , m a s s l e s s , l i n e a r 
s p r i n g s . T h e m a s s e s m o v e i n o n e d i r e c t i o n w i t h n o f r i c t i o n . A t t i m e 
t = 0 , a l l s p r i n g s a r e u n s t r e s s e d e x c e p t t h e f i r s t , w h i c h i s c o m p r e s s e d 
a , u n i t s ; a n d a l l m a s s e s a r e s t a t i o n a r y e x c e p t t h e f i r s t , w h i c h h a s v e l o c ­
i t y _ b . T h e s e c o n d i n f i n i t e d i f f e r e n t i a l s y s t e m i s t h e m a t h e m a t i c a l m o d e l 
o f a n i n f i n i t e s t a c k ( t h e t o p a c c e s s i b l e ) o f i d e n t i c a l f l a t p l a t e s s l i d i n g 
i n o n e d i m e n s i o n w i t h v i s c o u s f r i c t i o n b e t w e e n e a c h p l a t e a n d t h e o n e b e ­
n e a t h i t . A t t i m e t = 0 , e a c h p l a t e i s s t a t i o n a r y e x c e p t t h e t o p o n e , 
w h i c h h a s v e l o c i t y _ b . T h e f i n i t e s y s t e m s a r e m a t h e m a t i c a l m o d e l s o f t h e 
f i n i t e c h a i n ( s t a c k ) o b t a i n e d b y c o n s i d e r i n g t h e m o t i o n o f o n l y t h e f i r s t 
N m a s s e s ( p l a t e s ) w h i l e s u p p o s i n g t h a t a l l o f t h e m a s s e s ( p l a t e s ) a t a n d 
b e y o n d t h e ( N + l ) * * 1 a r e h e l d s t a t i o n a r y . 
I n C h a p t e r I t h e d i f f e r e n t i a l s y s t e m s a n d t h e i r s o l u t i o n s a r e p r e ­
s e n t e d . F o r t h e i n f i n i t e s p r i n g - m a s s c h a i n w i t h a - 0 a n d a c o n s t a n t 
d i s t a n c e b e t w e e n r e f e r e n c e p o s i t i o n s o f s u c c e s s i v e m a s s e s , C h a p t e r I I 
d i s c u s s e s a p h e n o m e n o m s i m i l a r t o t h e p r o p a g a t i o n o f a w a v e t h r o u g h a l o n g , 
h o m o g e n e o u s , e l a s t i c b a r o f c o n s t a n t c r o s s s e c t i o n . I n C h a p t e r I I I , e x ­
p r e s s i o n s f o r t h e k i n e t i c e n e r g i e s o f i n d i v i d u a l m a s s e s a n d t h e t o t a l 
k i n e t i c e n e r g y o f b o t h t h e f i n i t e a n d i n f i n i t e . s p r i n g - m a s s c h a i n s a r e 
f o u n d . C h a p t e r I V o u t l i n e s s o m e r e s u l t s f o r a l m o s t p e r i o d i c f u n c t i o n s 
v i i 
which are used i n Chapter V to c o n s i d e r t h e l i m i t s as t - > o o , t h e l e a s t 
upper bounds, and the g r e a t e s t lower bounds of the q u a n t i t i e s found i n 
Chapter I I I s In Chapter VI, the r a t e o f t r a n s f e r of energy from the 
( j + 1 ) ^ mass t o the ( j + 1)^ sp r i n g in t h e i n f i n i t e spr ing-mass cha in 
w i t h a = 0 i s c o n s i d e r e d . In Chapter V I I , e x p r e s s i o n s f o r the k i n e t i c 
e n e r g i e s of the i n d i v i d u a l p l a t e s and t h e t o t a l k i n e t i c energy of both 
the i n f i n i t e and f i n i t e s t a c k s of p l a t e s are found. In Chapter V I I I , the 
l i m i t s as t - > + oo of t h e q u a n t i t i e s found i n Chapter VII are shown to be 
z e r o , and the l i m i t a s t -> + oo of the r a t i o of each of t h e s e q u a n t i t i e s 
for the f i n i t e s tack to i t s c o u n t e r p a r t i n the i n f i n i t e s t a c k i s d e t e r ­
mined o 
Some of the more i n t e r e s t i n g r e s u l t s a r e : 
1) The occurrence o f t h e f i r s t extremum of d i s p l a c e m e n t for each 
mass i n the i n f i n i t e spr ing-mass cha in w i t h a = 0 and a c o n s t a n t d i s t a n c e 
between r e f e r e n c e p o s i t i o n s o f a d j a c e n t masses can be viewed as a d i s t u r ­
bance p a s s i n g through t h e cha in w i th a - v e l o c i t y t h a t approaches a l i m i t . 
2 ) The l i m i t a s t -> + oo of the t o t a l k i n e t i c energy i n the i n ­
f i n i t e spr ing-mass cha in (a not n e c e s s a r i l y z e r o ) i s one h a l f o f t h e t o t a l 
energy i n the c h a i n . 
3 ) In the f i n i t e spr ing-mass cha in w i t h a = 0 and 2N + 1 a pr ime, 
the k i n e t i c energy of the f i r s t mass has a l e a s t upper bound equal t o the 
t o t a l energy of t h e c h a i n ; t h e k i n e t i c energy o f any o t h e r mass i s l e s s 
than t h e t o t a l energy of t h e c h a i n . These f a c t s are a l s o t r u e i n the i n ­
f i n i t e cha in wi th a = 0 . 
4 ) The r a t i o of t h e t o t a l k i n e t i c energy i n the f i n i t e s tack of 
p l a t e s to the t o t a l k i n e t i c energy in the i n f i n i t e s tack of p l a c e s has 
a l i m i t o f zero a s t + o o . 
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CHAPTER I 
INTRODUCTION 
In t h e d o c t o r a l d i s s e r t a t i o n o f Mr. A. G. Law [ l ] , which i s now 
i n p r e p a r a t i o n in t h e S c h o o l o f M a t h e m a t i c s , s o l u t i o n s a r e g i v e n f o r v a r i ­
ous i n f i n i t e - sys tems o f l i n e a r o r d i n a r y d i f f e r e n t i a l e q u a t i o n s wi th i n i t i a l 
c o n d i t i o n s . Inc luded among t h e sys tems so lved a r e t h e f o l l o w i n g : 
m X o ( t ) = k [ X x ( t ) - X Q ( t ) ] , 
m X j ( t ) = k [ X > ; L ( t ) - 2 X j ( t ) + X j + 1 ( t ) ] , j = l , 2 , . . 
X q ( 0 ) = a , X o ( 0 ) = b , 
X ( 0 ) = X j ( 0 ) = 0 , j = 1 , 2 , . . . , 
(A) 
where m and k a r e p o s i t i v e c o n s t a n t s and a d o t ( • ) i n d i c a t e s d i f f e r e n t i a ­
t i o n with r e s p e c t t o t9 and 
m V G ( t ) = p[vx(t) - V o ( t ) ] , 
m V j ( t ) = p [ V j m l ( t ) - 2 V j ( t ) + V j + 1 ( t ) ] , . j=l ,2 , . . .A 
V ( 0 ) = b , V . ( 0 ) f 0, j * l , 2 , 
o J "' 
(B) 
where m and p a r e p o s i t i v e c o n s t a n t s . Sys tems (A) and (B) may be r e g a r d e d 
a s m a t h e m a t i c a l mode l s , r e s p e c t i v e l y , o f an i n f i n i t e c h a i n o f i d e n t i c a l 
masses c o n n e c t e d by i d e n t i c a l , l i n e a r , m a s s l e s s s p r i n g s and o f an i n f i n i t e 
s t a c k o f i d e n t i c a l p l a t e s s l i d i n g in one d imension wi th v i s c o u s f r i c t i o n 
2 
(p) between them. The purpose o f t h e p r e s e n t s tudy i s t o i n v e s t i g a t e some 
o f t h e p h y s i c a l i m p l i c a t i o n s o f t h e s o l u t i o n s o f (A) and (B) o b t a i n e d by 
Mr. Law and, where a p p r o p r i a t e , t o compare t h e r e s u l t s w i t h t h o s e which 
a r e o b t a i n e d f o r f i n i t e d i f f e r e n t i a l sys tems s i m i l a r t o (A) and ( B ) . More 
p u r e l y m a t h e m a t i c a l q u e s t i o n s , such a s t h e un iqueness o f t h e s o l u t i o n s o f 
(A) and (B), a r e not c o n s i d e r e d . 
The s t u d y i s o r g a n i z e d i n t h e fo l lowing way. In t h e r e m a i n d e r o f 
t h e I n t r o d u c t i o n , t h e p h y s i c a l sys tems c o r r e s p o n d i n g t o (A) and (B) a r e 
d e s c r i b e d more f u l l y ; t h e method used t o o b t a i n s o l u t i o n s o f (A) and (B) 
i s o u t l i n e d ; a n d . a l i s t i s made o f t h e q u e s t i o n s t o be c o n s i d e r e d i n sub­
sequent c h a p t e r s . Which q u e s t i o n s a r e c o n s i d e r e d i n e a c h c h a p t e r may be 
i n f e r r e d from t h e T a b l e o f C o n t e n t s . 
P h y s i c a l P r o t o t y p e s o f t h e I n f i n i t e Sys tems 
The d i f f e r e n t i a l system (A) can be thought o f a s a m a t h e m a t i c a l 
model o f t h e i n f i n i t e c h a i n o f i d e n t i c a l masses and i d e n t i c a l l i n e a r 
s p r i n g s p i c t u r e d in F i g u r e I , When t h e system i s i n what w i l l be c a l l e d 
i t s r e f e r e n c e p o s i t i o n , t h e masses a r e so p l a c e d t h a t e a c h s p r i n g i s 
u n s t r e s s e d ; and t h e p o s i t i o n which e a c h mass o c c u p i e s under t h e s e c i r c u m ­
s t a n c e s i s c a l l e d t h e r e f e r e n c e p o s i t i o n o f t h a t mass . At any t ime t (> 0 ) 
X j ( t ) ( j = 0 , 1 , 2 , . . , . ) measures t h e r l g h t w a r d d i s p l a c e m e n t o f t h e ( j + l ) * * 1 
mass from i t s r e f e r e n c e p o s i t i o n ( n o t i c e , f o r e x a m p l e , t h a t t h e mass a t 
t h e l e f t end o f t h e c h a i n i s c a l l e d t h e f i r s t m a s s , but i t s d i s p l a c e m e n t 
i s X Q ( t ) ) . The system i s s e t i n mot ion a t t = 0 w i t h e a c h mass e x c e p t t h e 
f i r s t s t a t i o n a r y a t i t s r e f e r e n c e p o s i t i o n . The f i r s t mass i s a u n i t s 
t o t h e r i g h t o f i t s r e f e r e n c e p o s i t i o n and has a r i g h t w a r d v e l o c i t y o f b . 
1 2 3 4 
F i g u r e 1 . P h y s i c a l P r o t o t y p e o f System ( A ) . 
(The system i s shown i n t h e r e f e r e n c e 
p o s i t i o n . F r i c t i o n i s n e g l e c t e d . The 
masses a r e numbered a s i n d i c a t e d 
benea th t h e m . ) 
4 
In o r d e r t o compare t h e r e s u l t s f o r t h e i n f i n i t e system (A) w i th 
t h o s e f o r a s i m i l a r but f i n i t e d i f f e r e n t i a l s y s t e m , one may suppose t h a t 
in F i g u r e 1 t h e ( N + l ) ^ mass and a l l masses t o t h e r i g h t o f i t a r e held 
s t a t i o n a r y . The a p p r o p r i a t e d i f f e r e n t i a l system i s t h e n o b t a i n e d from 
(A) by s e t t i n g X.{t) = 0 ( j > N - l ) . Thus , 
m
* N , j ( t ) = k [ X N , j - l ( t ) • 2 X N , j ( t ) + X N ) j + 1 ( t ) ] , J = l , 2 , . . . , N - 2 J 
m
'
X N , N - l ( t > - k [ * N f N - 2 ( t ) " 2 X N , N - l ( t ) ] ' f<A-
X N , 0 ( 0 ) " *> * N , 0 ( 0 ) ' b ' 
X N , 0 ( 0 ) = * N , 0 ( 0 ) = ° ' j = ^ 2 , . . . , N - 1 , 
where t h e f i r s t s u b s c r i p t N in X.. . ( t ) has been i n t r o d u c e d t o emphasize 
N, J 
t h a t a f i n i t e system o f N masses i s being c o n s i d e r e d . 
The d i f f e r e n t i a l system (B) can be thought o f a s a m a t h e m a t i c a l 
model f o r an i n f i n i t e s t a c k o f i d e n t i c a l f l a t p l a t e s s l i d i n g i n one 
d imension w i th v i s c o u s f r i c t i o n a c t i n g between any p l a t e and t h e one 
below i t ( s e e F i g u r e 2). V . ( t ) i s t h e r i g h t w a r d v e l o c i t y o f t h e ( j + l ) t h 
3 
p l a t e . The system i s s e t in motion a t t = 0 w i th e a c h p l a t e e x c e p t t h e 
f i r s t s t a t i o n a r y . The f i r s t p l a t e i s g i v e n a r i g h t w a r d v e l o c i t y b . 
To compare t h e r e s u l t s f o r t h e i n f i n i t e system (B) w i t h t h o s e f o r 
a s i m i l a r f i n i t e s y s t e m , one may suppose t h a t in F i g u r e 2 a l l t h e p l a t e s 
a t and below t h e ( N + l ) * h a r e he ld s t a t i o n a r y . By s e t t i n g v ^ ( t ) = 0 
( j > N - l ) in system ( B ) , t h e a p p r o p r i a t e d i f f e r e n t i a l system f o r t h e 
m 
m 
m 
n+1 m -> V 
oo 
F i g u r e 2 . * PhysJicaj l |Prbtptyp&: o f System ( B ) . 
(The, p l a t e s a r e numbered a s i n d i c a t e d 
t o t h e l e f t o f e a c h p l a t e . The 
c o e f f i c i e n t o f v i s c o u s f r i c t i o n between 
any p l a t e and t h e one below i t i s p . ) 
6 
f i n i t e c a s e i s o b t a i n e d a Thus , 
m V N y 0 ( t ) - p [ V M ( t ) - V N f 0 ( t ) ] , 
m V N J ( t ) -pLy^tt) - 2 V N J ( t ) + V N + 1 ( t ) ] , j=l,2,...,N-2, 
mV, N , N - l ( t ) - p t V N f N-2 ( t ) " 2 V N , N - l ( t ) ^ > 
VN,0(0) = b 5 \ j ( 0 ) = °' j = 1,2,...,N-1 . 
I t should be noted t h a t t h e p h y s i c a l sys tems a s s o c i a t e d wi th t h e 
d i f f e r e n t i a l sys tems a r e not un ique . The p h y s i c a l p r o t o t y p e s proposed 
could e q u a l l y wel l have been e l e c t r i c a l l a d d e r n e t w o r k s , f o r example . 
Method Used t o Obta in S o l u t i o n s o f the. I n f i n i t e S y s t e m s 
Mr. Law o b t a i n s a s o l u t i o n o f t h e system (A) by f i r s t c o n s i d e r i n g 
t h e t r u n c a t e d system ( A ' ) $ f o r which he f i n d s t h a t 
N 
XN,0(t) = E Cos2(iHl 2} (a «osL«(N-,p)t] +5TJ^7 s i n [ « j ( N , p ) t ] } . 
p=l 
( 1 ) 
where w(N,p) = 2 s i n ( | ^ ~ ~ ) and B = ~„ By c o n s i d e r a t i o n o f a Riemann 
sum f o r t h e i n t e g r a l 
2 f cos2(*f)(a cos[2^  t sin(^)] + _ b y^ sin[2vf t sin(^)])dX J0 1 l 2 2jf sin(^) 2 J 
(2) 
w i t h p a r t i t i o n p o i n t s X.. = jj ( j = 0 , l , . o « , N ) and wi th t h e i n t e g r a n d e v a l ­
ua ted a t X ! = ( j = 1,2,«..,N), i t f o l l o w s t h a t l im X N Q ( t ) e x i s t s 
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and i s t h e i n t e g r a l ( 2 ) , which i s equal t o 
P. t 
a [ J o ( 2 / y / p r t ) + J 2 ( 2 / v / p r t ) ] + b J lJQ(2jfs) + J 2 ( 2 ^ s ) ] d s , 
o 
where J n ( z ) i s t h e B e s s e l f u n c t i o n o f t h e f i r s t kind o f o r d e r n. By 
assuming t h a t l im X M n ( t ) = X ( t ) — t h a t i s , t h a t t h e f i r s t component 
o f a s o l u t i o n o f (A) i s t h e l i m i t a s N a p p r o a c h e s i n f i n i t y o f t h e f i r s t 
component o f t h e s o l u t i o n o f ( A ' ) and by using t h e e q u a t i o n s o f (A) 
r e c u r s i v e l y , a c a n d i d a t e f o r t h e j * * 1 component o f a s o l u t i o n o f (A) i s 
o b t a i n e d : 
X ( t ) = a [ J 2 ( 2 V / P r t ) + J ( 2 . / F t ) ] 
(3) 
+ b j [ J 2 , ( 2 v ? " s ) + J 2 . + 2 ( 2 . / j T s ) ] d s , j = 0 , l , 2 , . . . . 
o 
D i r e c t s u b s t i t u t i o n o f (3) i n t o (A) t h e n shows t h a t X . ( t ) a s g i v e n by (3) 
i s in f a c t a s o l u t i o n o f ( A ) . 
S i m i l a r l y , Mr. Law f i n d s a s o l u t i o n o f t h e sys tem (B) by f i r s t , 
s o l v i n g t h e t r u n c a t e d system ( B ' ) > t h e n t a k i n g t h e l i m i t a s N and 
showing d i r e c t l y t h a t t h e l i m i t i s a s o l u t i o n o f ( B ) . The s o l u t i o n o f 
(B) s o found i s 
V ^ t ) = b J ^ g o s E C j + ' D i c x J + c o s | > x ] } e 2 a ( - 1 + C O S * x ) t d x , 
• •. j = 0 , 1 , 2 , . . . , ( 4 ) 
where ® = . The s o l u t i o n o f ( B ' ) i s 
m 
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y j ( t ) -STT I « « ( i ? f ! ) c o . [ ( ^ | ) ( 2 j + i ) ] . 
j O , l , 2 , . . . , N - l , ( 5 ) 
where Y N , p = 2aCcosC§^ y" * ) - l ] • 
The s o l u t i o n s X^/ . ( t ) and V. . ( t ) ( j O , l , . . . , N - l ) o f t h e f i n i t e 
sy s t ems ( A ' ) and ( B ' ) a r e un ique . X^ . ( t ) and v \ . ( t ) ( j - 0 , 1 , 2 , . . . ) , a s 
g i v e n by ( 3 ) and ( 4 ) , a r e known t o be s o l u t i o n s o f (A) and ( B ) ; but i n 
t h e p r e s e n t s t u d y , t h e q u e s t i o n o f t h e i r un iqueness i s i g n o r e d . 
Q u e s t i o n s t o be C o n s i d e r e d 
1 ) C o n s i d e r t h e i n f i n i t e s p r i n g - m a s s c h a i n w i t h a = 0 and a c o n ­
s t a n t d i s t a n c e between r e f e r e n c e p o i n t s o f a d j a c e n t m a s s e s . A s s o c i a t e d 
wi th t h i s s y s t e m , i s t h e r e any phenomenon t h a t i s s i m i l a r t o t h e p r o p a g a ­
t i o n o f a wave t h r o u g h a l o n g , homogeneous, e l a s t i c b a r o f c o n s t a n t c r o s s -
s e c t i o n ? 
2 ) C o n s i d e r t h e k i n e t i c e n e r g i e s o f t h e i n d i v i d u a l masses and 
t h e t o t a l k i n e t i c e n e r g y i n both t h e i n f i n i t e and f i n i t e s p r i n g - m a s s • 
c h a i n s . F o r t h e s e q u a n t i t i e s , what a r e t h e l i m i t s a s t ^ w ( i f t h e y 
e x i s t ) , t h e l e a s t upper bounds f o r t > 0 , and t h e g r e a t e s t lower bounds 
f o r t > 0 ? 
3 ) C o n s i d e r t h e i n f i n i t e s p r i n g - m a s s c h a i n w i t h a = 0 . What can 
t h 
be s a i d about t h e r a t e o f t r a n s f e r o f e n e r g y from t h e ( j + l ) mass t o 
t h 
t h e ( j + l ) s p r i n g f o r l a r g e v a l u e s o f t ? 
4 ) C o n s i d e r t h e k i n e t i c e n e r g i e s o f t h e i n d i v i d u a l p l a t e s and t h e 
t o t a l k i n e t i c e n e r g y i n both t h e i n f i n i t e and f i n i t e s t a c k s o f p l a t e s . 
9 
Do t h e s e q u a n t i t i e s have l i m i t z e r o a s t F o r e a c h o f t h e k i n e t i c 
e n e r g i e s in t h e f i n i t e s t a c k and i t s c o u n t e r p a r t i n t h e i n f i n i t e s t a c k , 
what i s t h e l i m i t o f t h e i r r a t i o a s t -> °°? 
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CHAPTER I I 
VELOCITY OF PROPAGATION OF A DISTURBANCE 
THROUGH THE INFINITE SPRING-MASS CHAIN 
I f a l o n g i t u d i n a l d i s p l a c e m e n t i s i n i t i a t e d a t one end o f a long 
homogeneous, e l a s t i c b a r o f c o n s t a n t c r o s s s e c t i o n , a wave o f d i s p l a c e ­
ment t r a v e l s down t h e b a r wi th c o n s t a n t velocity i j^/p
 9 where E and p a r e , 
r e s p e c t i v e l y , t h e modulus o f e l a s t i c i t y and t h e d e n s i t y o f t h e m a t e r i a l of 
which t h e b a r i s made [ 2 ] , I t seems p l a u s i b l e t o c o n j e c t u r e t h a t a s i m i l a r 
phenomenon o c c u r s in t h e i n f i n i t e c h a i n o f s p r i n g s and m a s s e s . The o b j e c t 
o f t h i s c h a p t e r i s t o examine t h i s c o n j e c t u r e f o r one s p e c i a l c a s e . 
Immedia te ly one n o t i c e s t h a t i n t h e p h y s i c a l p r o t o t y p e shown in 
F i g u r e 1 no d i s t a n c e between t h e r e f e r e n c e p o s i t i o n s o f s u c c e s s i v e masses 
i s a s s i g n e d . In o r d e r t o d i s c u s s t h e v e l o c i t y o f p r o p a g a t i o n o f a d i s t u r ­
bance in t h e s p r i n g - m a s s c h a i n some c o n v e n t i o n about t h e s e d i s t a n c e s must 
be a d o p t e d . S i n c e t h e c h a i n i s being compared w i t h a uni form b a r , l e t 
t h e s e d i s t a n c e s have a common c o n s t a n t v a l u e c . 
Suppose t h a t t h e r e i s some common o c c u r r e n c e i n t h e d i s p l a c e m e n t 
o f e a c h mass and t h a t t h i s o c c u r r e n c e h a s t h e fo l lowing two p r o p e r t i e s : 
1 ) i t happens o n l y once f o r e a c h mass ; and 2 ) i f t i s t h e t ime a t which 
i t happens f o r t h e ( n + l ) * * 1 m a s s , t h e n t , < t . The o c c u r r e n c e f o r e a c h 
r r
 ' n - l n 
mass can be a s s o c i a t e d wi th t h e r e f e r e n c e p o s i t i o n o f t h e m a s s , r a t h e r t h a n 
wi th t h e mass i t s e l f . These o c c u r r e n c e s can t h e n be v i s u a l i z e d a s a d i s ­
t u r b a n c e which a t t i m e t i s a t t h e r e f e r e n c e p o s i t i o n o f t h e ( n + l ) ^ * 1 mass . 
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Between t i m e s t . and t t h e r e i s a c t u a l l y no d i s t u r b a n c e . The d i s t a n c e 
n - l n 7 
between t h e two r e f e r e n c e p o s i t i o n s where t h e d i s t u r b a n c e a p p e a r s a t 
t i m e s t . and t i s c . - The d i s t u r b a n c e i s c o n s i d e r e d t o have a c o n s t a n t 
n - l n 
h y p o t h e t i c a l v e l o c i t y o f c / ( * n " * n _ i . ) between t h e s e two p o s i t i o n s d u r i n g 
t h i s t ime p e r i o d . N o t i c e t h a t a t e a c h t ime t t h e r e may be a d i s c o n t i n u i t y 
o f t h e h y p o t h e t i c a l v e l o c i t y o f t h e d i s t u r b a n c e . 
Now c o n s i d e r i n g t h e i n f i n i t e s p r i n g - m a s s c h a i n , suppose t h a t a l l 
t h e masses a r e i n i t i a l l y a t t h e i r r e f e r e n c e p o s i t i o n s , t h a t a l l masses 
e x c e p t t h e f i r s t a r e s t a t i o n a r y , and t h a t t h e f i r s t mass has a righjbward 
v e l o c i t y b . F o r a p a r t i c u l a r o c c u r r e n c e — namely , t h e f i r s t exjiremum 
o f d i s p l a c e m e n t a f t e r t = 0 — t h e fo l lowing q u e s t i o n s w i l l be answered: 
l ) I s c / ( t n - t (n = 1 , 2 , . . . ) independent o f n? 2 ) I f i t i s not 
independent o f n, d o e s i t have a l i m i t a s n - * 0 0 , and i f i t h a s a l i m i t , 
what i s t h e v a l u e o f t h e l i m i t ? 
The d i s p l a c e m e n t o f t h e (n+l)*'* 1 mass i n t h e i n f i n i t e s p r i n g - m a s s 
c h a i n wi th i n i t i a l c o n d i t i o n s a s s p e c i f i e d in t h e p r e c e d i n g p a r a g r a p h i s 
g i v e n by ( 3 ) w i t h a = 0 . D i f f e r e n t i a t i n g ( 3 ) w i t h a = 0 g i v e s 
X n ( t ) = b t J 2 n ( 2 v /F t ) + J 2 n + 2 ( 2 ^ p r t ) ] . ( 6 ) 
The use o f t h e r e c u r r e n c e r e l a t i o n J . ( z ) + J
 + 1 ( z ) = 2 r J ( z ) / z [ 3 , p . 100] 
in e q u a t i o n ( 6 ) l e a d s t o t h e e q u a t i o n 
X n ( t ) = 2 b ( 2 n + l ) J 2 n + 1 ( 2 V F t ) / 2 * / j f t . ( 7 ) 
F o r v and |i p o s i t i v e i n t e g e r s , l e t j be t h e ji**1 p o s i t i v e z e r o o f 
J ( z ) . S i n c e J ( z ) has a sequence o f i s o l a t e d p o s i t i v e z e r o s [ 3 , p . 1 2 7 ] , 
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\ |i * S w e * * d e f i n e d . Each p o s i t i v e z e r o o f J v ( z ) i s a s imple z e r o [ 3 , p . 
1 2 7 ] ; t h u s X ^ ( t ) changes s i g n a t t = J 2 n + i ^/ 2a/F • Hence , X ^ ( t ) has 
e x t r e m a a t t = J 2 n + 1 y/^J$ ^ o r P o s i t i v e i n t e g e r s and f u r t h e r m o r e , 
t h e s e a r e t h e o n l y p o s i t i v e v a l u e s o f t f o r which X ^ ( t ) has an extremum. 
C o n s i d e r t h e f i r s t extremum o f X ( t ) a f t e r t = 0 . The e x i s t e n c e 
n 
o f t h i s extremum i s an o c c u r r e n c e common t o a l l t h e m a s s e s . C l e a r l y t h e r e 
i s o n l y one f i r s t extremum f o r e a c h m a s s 0 The t i m e o f o c c u r r e n c e t o f 7
 n 
t h e f i r s t extremum i s J 2 n + 1 S i n c e J v ^ < J v + ^ ^ E4> P» 3 7 0 ] , 
t , < t . Hence t h e o c c u r r e n c e o f t h e f i r s t extremum can be v i s u a l i z e d 
n-1 n 
a s a d i s t u r b a n c e w i t h h y p o t h e t i c a l v e l o c i t y 
c/(tn " Vl' = c / ( j 2 n + l , l " J2„-l,l> ( 8 ) 
between t ime t , and t . 
n-1 n 
l ) I s c / ( t - t , ) independent o f n? S i n c e t o n ine s i g n i f i c a n t 
n n - i 
f i g u r e s , 
3X 1 = 3 . 8 3 1 7 0 5 9 7 , 
j 3 1 = 6 . 3 8 0 1 6 1 9 0 , 
J 5 x = 8 . 7 7 1 4 8 3 8 2 , 
and j y 1 = 1 1 . 0 8 6 3 7 0 0 2 , [ 5 , pp . 2 - 8 ] , 
i t f o l l o w s t h a t 
j 3 , l " J ' l , l = 2 . 5 4 8 4 5 ± 1 0 * 5 , 
j 5 , l " j 3 , l = 2 . 3 9 1 3 2 , ± 1 0 " 5 , 
and j ? 1 - j 5 1 = 2 . 3 1 4 8 8 ± 1 0 " 5 . 
Hen ce by e q u a t i o n ( 8 ) , c / ( * n * * n - l ^ * s n o t Independent o f n, 
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2 ) Does l im c / ( t - t . ) e x i s t , and i f i t does what i s i t s 
. n n - l 
v a l u e ? 
From e q u a t i o n ( 8 ) , l im c / ( * n " t n - l ^ e x i s < t s i f l i m ^ 2 n + l 1 
- ^ ^) e x i s t s and i s n o n z e r o . The a s y m p t o t i c s e r i e s f o r t h e f i r s t 
p o s i t i v e z e r o o f J v ( z ) i s 
1 / 3 , - 1 / 3 , - 1 , 
J v , l - V + C 1 , 1 V . + C 2 , 1 V + C 3 , 1 V + ' 
where ^, c 2 ^ , c^ a r e c o n s t a n t s [ 4 , p . 3 7 1 ] , 
L e t D(v ) = [ j v > 1 - (v +•• c ^ v 1 / 3 ) ] . 
Then l im [ v l / 3 D ( v ) ] - c 0 . . 
C o n s e q u e n t l y , l im { [ 2 n + l ] l / 3 D ( 2 n + 1 ) } = c 2 ( 9 ) 
n 0 0 ' 
l im { [ 2 n - l ] 1 / / 3 D ( 2 n - 1 ) } - c 2 x . ( 1 0 ) and 
From e q u a t i o n ( 1 0 ) and t h e f a c t t h a t l im [ ( 2 n + l ) 1 / 3 / ( 2 n - l ) l y / 3 ] = 1 , i t 
n 
f o l l o w s t h a t 
l im { [ 2 n + l ] 1 / 3 D ( 2 n - 1 ) ] - c ^ . ( l l ) 
C o n s i d e r i n g t h e d i f f e r e n c e o f e q u a t i o n s ( 9 ) and ( l l ) l e a d s t o 
l im | [ 2 n + l ] 1 / / 3 [ D ( 2 n + l ) - D ( 2 n - l ) ] } - 0 . ( 1 2 ) 
n-*°° L J 
I f t h e r e i s a subsequence o f | D ( 2 n + l ) - D ( 2 n - l ) } which i s bounded away 
from z e r o , then t h e same subsequence o f { [ 2 n + l ] l / 3 [ D ( 2 n + l ) - D ( 2 n - l ) ] } 
14 
i s unbounded. T h i s f a c t would c o n t r a d i c t e q u a t i o n ( 1 2 ) . Hence 
l im [ D ( 2 n + 1 ) - D ( 2 n - l ) ] = 0 . ( 1 3 ) 
n->°° 
S i n c e l im [ ( 2 n + l ) 1 ^ 3 - ( 2 n - l ) 1 ^ 3 ] = o, i t f o l l o w s from e q u a t i o n ( 1 3 ) 
n 
t h a t 
l im [ D ( 2 n + 1 ) - D ( 2 n - l ) + " c ^ ( 2 h + l ) ^ 3 - ^
 1 ( 2 n - l ) 1 / 3 ] = 0 . 
n 0 0 ' ' 
But 
D(2n+1) - D ( 2 n - 1 ) = J 2 n + 1 x - ( 2 n + l ) " ^ 1 ( 2 n + l ) 1 / 3 - J 2 n - 1 x + ( 2 n - l ) (15) 
+ C l , l ( 2 n - l ) 1 / 3 = J 2 n + l , 1 ^ 2 n - l , l - 2 - C l , l ( 2 n + l ) l / 3 + C l , l ( 2 n - l ) l / 3 ' 
E q u a t i o n s ( 1 4 ) and ( 1 5 ) imply t h a t 
C j 2 n + l , l ' j 2 n - l , l " ^ " 0 ' 
and t h u s l im [ j - j ] = 2 . 
Hence by e q u a t i o n ( 8 ) , l im c / ( ' t n " ^ n ^) ~ c */f\ which i s t h e l i m i t 
n 0 0 
o f t h e h y p o t h e t i c a l v e l o c i t y o f t h e f i r s t extremum o f d i s p l a c e m e n t . 
t h 
The second q u e s t i o n could be answered f o r t h e p, extremum o f 
t h 
d i s p l a c e m e n t o f e a c h mass a f t e r t - 0» T h e r e i s c l e a r l y o n l y one u-
t h 
extremum o f d i s p l a c e m e n t f o r t h e ( n + l ) mass . I t o c c u r s when" 
1 = j 2 n + l , i / 2 v ^ " ° S i n C e j v , p . < j v + l , u - p ° 3 7 0 ^ t h i s o c c u r r e n c e 
can be v i s u a l i z e d a s a d i s t u r b a n c e wi th a h y p o t h e t i c a l v e l o c i t y between 
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e a c h r e f e r e n c e p o s i t i o n in t h e c h a i n . The a s y m p t o t i c s e r i e s f o r t h e 
Ii**1 p o s i t i v e z e r o o f J ^ ( z ) i s 
j ~ v + c . v 1 / / 3 + c . v " 1 / / 3 + c 0 v " 1 + 
v,[ i 2,ii 3, i i ' 
where c . , c 0 , c - , . . e a r e c o n s t a n t s [ 5 , p . X X X ] . Hence by t h e J-jP* ^ s M " 3 , p > 
same r e a s o n i n g a s f o r t h e f i r s t extremum, t h e l i m i t o f t h e h y p o t h e t i c a l 
t h /— 
v e l o c i t y o f t h e \i extremum o f d i s p l a c e m e n t a f t e r t - 0 i s c */p • How­
e v e r i t should be noted t h a t a s |i i n c r e a s e s t h e a s y m p t o t i c s e r i e s f o r 
j becomes p r o g r e s s i v e l y weaker [ 5 , p . XXX]. 
The l i m i t c J$ o f t h e h y p o t h e t i c a l v e l o c i t y o f t h e f i r s t extremum 
o f d i s p l a c e m e n t a f t e r t - 0 has an i n t e r e s t i n g r e l a t i o n t o t h e v e l o c i t y , 
y k / p , o f a d i s t u r b a n c e in a uniform b a r . L e t A be t h e c r o s s - s e c t i o n a l 
a r e a o f t h e b a r ; l e t y be t h e d i s t a n c e from one end t o a p o i n t on t h e b a r 
when t h e b a r i s u n s t r e s s e d ; l e t u ( y , t ) be t h e d i s p l a c e m e n t o f t h a t p o i n t 
a s a f u n c t i o n o f t i m e . I f Y i s t h e s t r e s s i n t h e b a r , then 
Y = E & i • 6y » 
and AY i s t h e f o r c e a c t i n g in t h e p o s i t i v e d i r e c t i o n on t h e c r o s s s e c t i o n 
o f t h e b a r s 
F = A Y = A E g J l . 
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r— i s t h e a x i a l s t r a i n in t h e b a r ( r e c a l l t h a t s t r a i n i s a measure o f 
ay 
change i n l e n g t h p e r u n i t of o r i g i n a l l e n g t h ) . The c o u n t e r p a r t o f in 
t h e ( n + l ) t h spr ing of t h e c h a i n i s [ X
 + ^ ( t ) - X n ( t ) ] / c , and t h e t e n s i l e 
f o r c e in t h e ( n + l ) * * 1 s p r i n g in t h e c h a i n i s 
16 
F » k [ X n + 1 ( t ) - X n ( t ) ] = kc"[X x ( t ) - X n ( t ) ] / c . 
k c m a y t h e n b e t h o u g h t o f a s t h e c o u n t e r p a r t i n t h e c h a i n o f A E i n t h e 
u n i f o r m b a r , A p f o r t h e b a r i s t h e m a s s p e r u n i t l e n g t h o f t h e b a r 0 
I t s c o u n t e r p a r t i n t h e c h a i n i s m / c . T h e v e l o c i t y o f a d i s t u r b a n c e i n 
t h e b a r m a y b e w r i t t e n a s / A E / A p
 0 R e p l a c i n g A E a n d A p b y t h e i r c o u n ­
t e r p a r t s i n t h e c h a i n , / / A E / A p b e c o m e s 
/ / k c / ( m / c ) = Jkc^/m s c / k / m = c J $ ~
 0 
T h u s t h e r e i s a n a t u r a l p a r a l l e l b e t w e e n t h e v e l o c i t y J^p" o f a d i s t u r b ­
a n c e i n t h e u n i f o r m b a r a n d t h e l i m i t c ffi o f t h e h y p o t h e t i c a l v e l o c i t y 
i n t h e i n f i n i t e s p r i n g - m a s s c h a i n » 
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CHAPTER I I I 
EXPRESSIONS FOR KINETIC ENERGIES IN 
THE SPRING-MASS CHAINS 
This chapter and Chapter IV are preliminaries to some comparisons 
made in Chapter V of the kinet ic energies in f in i t e and in f in i t e spring-
mass chains subjected to similar i n i t i a l conditions., In the present chap= 
t e r s the following quantit ies are calculated? 
th 
1) the displacement of the ( j + l ) masSj, XK] „(t) ( j = 0 , l , 2 , o „ » , N - 1 ) , 
" 9 3 
in a f in i te chain of N masses for which the d i f ferent ia l system (A') i s the 
mathematical models 
th 
2 ) the kinet ic energy of the ( j + l ) mass ( j s 0 , l , „ . » , N ~ l ) in such 
a chain P 
3 ) the to ta l kinet ic energy of the chain,, 
4 ) the k inet ic energy of the ( j+l )** 1 mass ( j - 0 , l , 2 , o s . ) in an 
in f in i te spring-mass chain for which the d i f ferent ia l system (A) i s the 
mathematical model, 
5) the to ta l k inet ic energy of th i s in f in i t e chain. 
The Solution of the Different ial System (A") 
The f i r s t component^ X^ q ( 0 of the solution of (A") i s given by 
equation ( l ) D From th is expression, the general component X^ ^ ( t ) can be 
found by using the d i f ferent ia l equations of system ( A 1 ) -
Assume that 
18 
N,3 2N+1 
4
 E C ( N * P * ^ G ( N , p , t ) f j - 0 , l , . . . , N - l , (16) 
where 
G ( N , p , t ) = [a c o s [ u ( N , p ) t ] + x sin [ u ( N , p ) t ] } 
and C ( N , p , j ) i s to be determined ( reca l l that u'(N,p) i s 2*/$ sin ( j q + i ^ ) ) 
Choose 
C(N,pP0) = c o s 2 (§gy f ) . (17) 
Then equation (16) for j=0 agrees with equation ( l ) o 
Differentiating equation ( 1 6 ) twice with respect to t gives 
N
 2 
( t ) = ) C ( N , p , j ) 8 - 5 [ G ( N , p i t ) ] j j = 0 , l , 2 , . . . , N - l . 
p-1 d t 
93 
But from the defini t ion of G ( N , p , t ) , i t follows that 
2 
^
 r n
'
M
, p , t ) ] = - [ w ( N , p ) ] 2 , G ( N ' , p , t ) 
Hence 
N 
Vj(t) = I C(NjPsj) ( = [ u ( N s p ) ] 2 } G ( N , p , t ) 0 (18) 
p-1 
The f i r s t d i f ferent ia l equation of the system ( A ' ) ( r eca l l that 
p - k/m) i s equivalent to 
^ . ( t ) + P ^ ( t ) -
 P ^ ( t ) = 0 „ ( 1 9 ) 
19 
S u b s t i t u t i n g e q u a t i o n s ( 1 6 ) and ( 1 8 ) in e q u a t i o n ( 1 9 ) and s i m p l i f y i n g 
g i v e s 
N 
4 
2N+1 £ { - u
2 ( N , p ) C ( N , p , 0 ) + p C ( N , p , 0 ) - p C ( N , p , l ) ] G ( N , p , t ) = 0 . 
p=l 
H e n c e y choos ing 
C ( N , p , l ) = ( l - ^ ^ 4 ] c ( N , p , 0 ) 
=
 i1 " 4 s i n 2 ( 2N+1 2 } ] C < N > P » ° ) < 2 ° ) 
w i l l g u a r a n t e e t h a t t h e f i r s t d i f f e r e n t i a l e q u a t i o n o f sys tem ( A ' ) i s 
2 
s a t i s f i e d o Using t h e i d e n t i t y 2 s i n 6 = 1 - c o s 20 and e q u a t i o n ( 1 7 ) in 
( 2 0 ) l e a d s t o 
C ( N , p , l ) = [ l - 2 + 2 cos(|j^ * ) } c o s 2 ( ^ - | ) 
s
 {2 cos(iiT*5 cos(iiT l] - CGs(im i5} cos(im i)9 
The i d e n t i t y 2 c o s ( A ) c o s ( B ) = c o s ( A + B) + co-s(A-B) g i v e s 
C ( N , p , l ) - { c o s t ( | $ ) f ] + c o s ( § ^ | ) - c o s ( § ^ f ) ) c o s ( | E ^ | ) 
" "=08 f ] cos < | £ f ) . ( 2 1 ) 
Nextp t o f ind C ( N , p , j ) ( j = 2 , 3 , 0 „ „ , N - l ) , c o n s i d e r t h e g e n e r a l e q u a ­
t i o n o f t h e system ( A 0 ) , which i s e q u i v a l e n t t o 
( 2 2 ) 
2 0 
S u b s t i t u t i n g e q u a t i o n s ( 1 6 ) and ( 1 8 ) in e q u a t i o n ( 2 2 ) and s i m p l i f y i n g g i v e s 
N 
3Ry £ [ - U ( N , p ) ] C ( N , p j ) + 2 0 C ( N , p , j ) - B C ( N , p , j - l ) 
- PC(N,p,j+l)j G ( N , p , t ) = 0 . 
Choosing C ( N , p , j ) ( j = 2 , 3 , „ . . , N ) such t h a t 
C ( N , p , J + l ) + C ( H , p , J - l ) = { 2 -
 [
"
(N
'
P)]
 }c(N>P,j) 
= {2 - 4 .in2(f=i |)J C ( N , p , j ) ( 2 3 ) 
g u a r a n t e e s t h a t ^ ( t ) g iven by e q u a t i o n ( 1 6 ) s a t i s f i e s 
mVj(t> = k(XN,j-l ( t ) * ^.jW + X N,j + l ( t ) ) ' J-1.2.....N-1 • 
E x c e p t f o r t h e e q u a t i o n wi th j = N - l , t h e s e a r e t h e g e n e r a l e q u a t i o n s o f 
t h e d i f f e r e n t i a l system ( A ° ) ° F o r t h e moment t h i s d i s c r e p a n c y w i l l be 
i g n o r e d . 
The i d e n t i t y 1 - 2 s i n 6 = c o s 2 0 and e q u a t i o n ( 2 3 ) imply 
C ( N , p , j + l ) + C ( N , p , j - l ) = 2 c o s ( | ~ ~ * ) C ( N , p , j ) , j = l , 2 , 9 . 0 , N . ( 2 4 ) 
S t a n d a r d d i f f e r e n c e - e q u a t i o n t e c h n i q u e s [ 6 , p 0 2 4 l ] a p p l i e d t o e q u a t i o n 
( 2 4 ) w i th c o n s t r a i n t s ( 1 7 ) and ( 2 1 ) y i e l d 
C ( N , p , j ) - c o s ( ^ | ) c o s [ § j ^ § ( 2 j + l ) ] , ( 2 5 ) 
j = 0 , l , 2 , . o o , N . 
Now c o n s i d e r t h e d i s c r e p a n c y mentioned before , . With C ( N , p , j ) 
d e f i n e d by ( 2 5 ) , \ . „ ( t ) g i v e n by ( 1 6 ) i s known t o s a t i s f y a l l t h e 
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d i f f e r e n t i a l e q u a t i o n s o f system (A°) e x c e p t 
mX, N a N - l ( t ) = k ( X N , N - 2 ( t ) " 2 X N , N - l ( t ) ) 
However, ( 1 6 ) i s known t o s a t i s f y 
mV- l ( t ) = k ( X N , N - 2 ( t ) " 2 X N , N - l ( t ) + V(t))' 
But C(N,p ,N) = C O S ( | ^ y | ) c o s [ ^ | ( 2 N + 1 ) ] = 0 , and hence X ( t ) = 0 . 
T h e r e f o r e ( 1 6 ) s a t i s f i e s a l l t h e d i f f e r e n t i a l e q u a t i o n s o f ( A ' ) . 
One might now ask i f X „ ( t ) wi th C ( N , p , j ) g iven by ( 2 5 ) s a t i s f i e s 
" 13 
t h e i n i t i a l c o n d i t i o n s o f ( A ' ) , ^
 Q ( o ) = a , X N Q ( o ) = b , X N ^ ( 0 ) = ^ ( 0 ) = 0 
( j=l ,2 , .oo ,N-1) . From ( 1 6 ) i t f o l l o w s t h a t 
N
 9 N 
( 0 ) =
 2N+T I C( N»P»'J) a n d X N J j ( 0 ) s 2N+T E CCN,p,j) . (26a,b) 
p=l 9 p=l 
Whether t h e i n i t i a l c o n d i t i o n s a r e s a t i s f i e d depends on t h e v a l u e of 
N N 
£ c ( N > P > j ) = I cos(§^ §) cosL(|^ ) | (2j+l)] . ( 2 7 ) 
p=l p=l 
Because i t w i l l be u s e f u l l a t e r , c o n s i d e r t h e more g e n e r a l problem 
o f f inding t h e v a l u e of 
N 
S ( q s r ) = ^ c o s L ( ^ ) § ( 2 q + l ) ]cos[ ( § ^ ) § ( 2 r + l ) ] , ( 2 8 ) 
p=l 
q,r - 0,1,.o o,N-1 . 
Using t h e i d e n t i t y c o s ( A ) cos(B) = j [ c o s ( A + B ) + c o s ( A - B ) ] , one f i n d s t h a t 
2 2 
S ( q , r ) = | l c o s [(|fMq+r+l)J+ \ £ c o s [ ( § ^ ) f ( q - r ) ] . ( 2 9 ) 
p=l p=l 
N 
S i n c e ^ c o s [ ( 2 p » l ) 6 ] - 2^sin^8 P r o v i d e d t h a t s i n 6 / ^ 0 [ 7 , p„ 3 6 6 ] , i t 
p=l 
f o l l o w s t h a t i f s i n ( 2 ^ ^ ) f 0 , then 
N
 s i n [ 2 N ( ^ f r ) ] s i n [ v » - Jjfy] 
I c o s f i f r ™ ] - -
p=l 2 S i n fe] 2 s i n (2N+T) 
sin(vTc) c o s ( ~ ~ ) COS(VTT) s i n ( ~ ~ - ) 
2 s i n (5i+T> 2 s i n (2N+T) 
I f i n a d d i t i o n v i s an i n t e g e r , 
N 
£ c o s [ ^ ^ ] . . 1 C 0 8 ( W ) . . 
p=l 
Now i f q / r ( q , r * 0 , 1 , . . . , N - l ) , s i n 1^ ™^ ] 0 , and s i n [ ^ ~ ^ ] /^0 , 
T h e r e f o r e from e q u a t i o n ( 2 9 ) i t f o l l o w s t h a t 
S(q,r) =|{(=i)(-l)^ +r+1
 + (-|)(-Dq-r} . 
' - (- |)(=Dq {(-Dr+1 + ^ ) - o . 
From ( 2 9 ) w i t h q = r 
S(q,r) = | I ^ ^ i + l " 1 1 (2q+1)]+| E (Dj 
p-1 p=l 
2 3 
and since sin[ 2N+T^"^  ? ® ^ ~ 0,1,..,,N-l), 
s(q,r) .^((.^(.D^i + ^ .i + i.asi 
Hence 
0 , i f q / r 
S ( q , r ) = I ( 3 0 ) 
2N+1 
4 , i f q = r 
q 5 r = 0 , 1 , 2 , o . . N - l • 
C o n s i d e r i n g S ( 0 , j ) and e q u a t i o n s ( 2 4 a ) , ( 2 4 b ) , and ( 2 7 ) l e a d s t o t h e 
c o n c l u s i o n t h a t X „ ( t ) ( j = 0 , 1 , . e . , N - l ) g i v e n by ( 1 6 ) w i t h C ( N , p , j ) g i v e n 
by ( 2 5 ) s a t i s f i e s t h e i n i t i a l c o n d i t i o n s o f ( A 1 ) . 
I t i s no a c c i d e n t t h a t X ,^ „ ( t ) ( j = 0 , l , . . „ , N - l ) s a t i s f i e s t h e ini-
w f 3 
t i a l c o n d i t i o n s o f ( A 0 ) . I t i s a consequence o f t h e f a c t t h a t X^ ^ ( t ) 
g i v e n by ( l ) i s a c t u a l l y t h e f i r s t component o f t h e s o l u t i o n o f ( A ' ) » 
K i n e t i c E n e r g i e s in t h e F i n i t e Spr ing -Mass Chain 
L e t E ^ ( t ) be t h e k i n e t i c e n e r g y o f t h e ( j + l ) * * 1 mass in a f i n i t e 
s p r i n g - m a s s c h a i n f o r which t h e system (A") i s t h e m a t h e m a t i c a l model . 
Then E „ N ( t ) = ~ [X. . „ ( t ) ] 2 where X „ ( t ) i s g i v e n by ( 1 6 ) w i t h C ( N , p , j ) 
3 ^ N , j 
g i v e n by ( 2 5 ) . C o n s e q u e n t l y , 
N N \ . 
E j N ( t ) = 2
 (3hT)2 E E C ^ i P ^ ^ ^ ^ i ) ft L G ( N , p , t ) ] ^ [ G ( N , q , t ) ] 
P-1 cfFl
 ( 3 1 ) 
N/ \ 
L e t E ( t ) be t h e t o t a l k i n e t i c e n e r g y o f t h e f i n i t e c h a i n . Then 
2 4 
N-l 
E N ( ± ) = I
 E j
N ( t ) 
N-l N N 
=
 2 ( 2 B F + T ) 2 E E E c ( N , p ? j ) C ( N , q , j ) ^ [ G ( N , p , t ) ] | ^ [ G ( N , q , t ) ] 
J=o p=l q=l 
N N ' > f N-l 
( 2 N T T ) 2 : E Z J T t ^ P ' * * ] AT t ^ ^ A E c ( N > P > J ) C ( M J ) J 
p=l q=l L J = o 
But 
£ C ( N , p s j ) C ( N j q , j ) = 
N-l 
C O S ( § ^ | W § ^ F ) £ C O S [ ( § J ± I ) | < 2 p . I ) ] c o r f ( | J a ) | ( 2 Q - L ) ] 
J = 0 
• ™1&°>«%&$1 C O S [ ( F ^ ) F ( 2 P - L ) ] C O S [ ( § £ ) F U Q - L ) ] 
v=l 
C 0 S ( 2 ^ 2 ) O T s ( 2 N + T 2 ) S ( P " L S Q " L ) 
p , q - 1 J 2 J . 0 0 ? N , 
where S ( .
 9 . ) i s de f ined by e q u a t i o n ( 2 8 ) . I t f o l l o w s from ( 3 0 ) t h a t 
E N ( t ) 
- ' ! < S S R > I cos2 (M^ik^'^Y • 
Now | ^ [ G ( N , p , t ) ] = { - a u ( N , p ) s i n [ u ( N , p ) t ] + b c o s [ u ( N , p ) t ] j ; 
2 5 
h e n c e , 
N 
E N ( t ) = | (^ H+j' E c o s 2^2^Tl" 1^  { ~ a ( J ( N j P ) s i n [ i o ( N , p ) t ] + b c o s [ w ( N , p ) t ] ] 2 . 
P = 1
 ( 3 2 ) 
K i n e t i c E n e r g i e s i n t h e I n f i n i t e S p r i n g - M a s s Chain 
L e t E j ( t ) be t h e k i n e t i c e n e r g y o f t h e ( j + l ) * * 1 mass in an i n f i n i t e 
s p r i n g - m a s s c h a i n f o r which t h e d i f f e r e n t i a l system (A) i s t h e m a t h e m a t i c a l 
m * 2 
model . Then E j ( t ) =
 2 (t^ )] * where X ^ ( t ) i s g i v e n by e q u a t i o n ( 3 ) . D i f ­
f e r e n t i a t i n g ( 3 ) w i th r e s p e c t t o t g i v e s 
i.(t) = 2a # [ J ^ ( 2 # t ) + J ^ j + 2 ( 2 ^ t ) ] + b [ J 2 j ( 2 ^ f t ) + J 2 j + 2 ( 2 Jft)l 
where a prime ( ' ) i n d i c a t e s d i f f e r e n t i a t i o n wi th r e s p e c t t o t h e argument 
o f t h e f u n c t i o n . Use o f t h e i d e n t i t y J ^ ( z ) = ^ ( J ^ ( z ) - J r + 1 ( z ) ) l e a d s 
t o 
X ^ t ) = ajf [ J 2 j - 1 ( 2 # t ) - J 2 j + 3 (2 /Ft ) ] + b [ J 2 j ( 2 Jft)' 
+ J 2 j + 2 ( 2 Jft)] . 
T h e r e f o r e , 
E j ( t ) = | | a 2 p [ J 2 j - 1 ( 2 Jft) - J 2 j + 3 ( 2 Jft)f + 
+ 2ab Jf[J2.^2jft) - J 2 j + 3 ( 2 7 T t ) ] [ J 2 j ( 2 Jft) + J 2 j + 2 ( 2 # t ) ] 
r 2 j ( 2 Jft) + J 2 j + 2 I 
L e t E ( t ) be t h e t o t a l k i n e t i c e n e r g y o f t h i s c h a i n . Then 
+ b 2 [ J 0 .  J 0 , + 0 ( 2 Jft)f . ( 3 3 ) 
26 
E ( t ) = £ E „ ( t ) . ( 3 4 ) 
I t i s not immedia te ly e v i d e n t t h a t t h i s s e r i e s c o n v e r g e s . To f ind a 
s i m p l i f i e d e x p r e s s i o n f o r t h e s e r i e s and t o p r o v e c o n v e r g e n c e , a method 
which i s s i m i l a r t o t h a t o u t l i n e d in t h e I n t r o d u c t i o n f o r f ind ing s o l u t i o n s 
o f t h e i n f i n i t e d i f f e r e n t i a l sys tems i s u sed . The t o t a l k i n e t i c e n e r g y 
E ( t ) o f t h e t r u n c a t e d c h a i n o f N masses has a l r e a d y been found. Next 
N/ \ 
l im E ( t ) i s found. Then t h i s l i m i t i s shown t o be t h e same a s t h e 
i n f i n i t e s e r i e s ( 3 4 ) , which i s t h e t o t a l k i n e t i c e n e r g y . 
The Riemann sum f o r 
m J"1 co.2(2S) {-aVfsin(f) sin[2 Jft sin(^ )j 
0 
+ b c o s [ 2 Y P " t s i n ( ^ ) ] } 2 dx ( 3 5 ) 
with p a r t i t i o n p o i n t s = jj- , p = 0 , 1 , . . . , N , and wi th t h e i n t e g r a n d 
e v a l u a t e d a t X ' = I§RR i n each i n t e r v a l i s p 2N+1 
N 
I I cos2(!rr!) {-« 2'«Tsih-<2g£!) . i n [2VFt .in(f*£f)J 
p=l 
2 
+ b c o s [ 2 Jft"sin(|^ | ) ] } . 
The l i m i t o f t h i s sum a s N i s t h e i n t e g r a l ( 3 5 ) . E ^ ( t ) g i v e n in 
2N 
2N+1 
By l e t t i n g y = s i n ^ in ( 3 5 ) , i t f o l l o w s t h a t 
e q u a t i o n ( 3 2 ) i s
 0
2
^ t i m e s t h i s sum; h e n c e , l im E ^ ( t ) i s t h e i n t e g r a l 
N •*<*> 
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lim EN(t) = — f Vl-y2 { - a 2 Jf Y sin^yiTty]+b cos[2^  t y])2 dy 
=
 8m|a! J 1
 y 2 ^ 2 s i n 2 [ 2 ^ t y ] d y 
0 
-
 8mab
 ^  f \ fT^ sin [ 2 ^Fty] cos[2^ -ty]dy 0 
+ ^  J VlTv2 c o s 2 [ 2 y f t y ] dy . ( 3 6 ) 
One can show ( s e e Appendix A) t h a t 
f1 y 7 J ^ 7 sin2(zy)
 dy - i . i jNi -y2)3/2 cos(2Zy) dy 
o o 
+ i2|l! J 1 (1 -
 y
2 ) 5 / 2 c o s ( 2 z y ) d y , ( 3 7 a ) 
J'1 y 7l - y2 sin(zy) cos(zy)dy = i^L J (l-y2)3/2 cos(2zy)dy, ( 3 7 b ) 
and 
J Vl -y2 cos2(zy)dy = 5 + 5 (l -y2)l/2 cos(2zy)dy . ( 3 7 c ) 
S i n c e 
v 1 v - -
j (22) = — r r ( 1 _ y 2 ) v 2 c o s ( 2 z y ) d y 
v
 r(|)r(v+|) J-i [ 3 , p« 1 1 4 ] , i t f o l l o w s when v i s a p o s i t i v e i n t e g e r t h a t 
2 8 
J ( 2 z ) it v 
( 2 z ) V [ l - 3 - " ( 2 v - l ) ] 
1 
v - — 
( l - y ) c o s ( 2 z y ) dy ( 3 8 ) 
Using e q u a t i o n ( 3 8 ) in ( 3 7 a ) , ( 3 7 b ) , and ( 3 7 c ) l e a d s t o 
I Y 2 / l - Y 2 s i n 2 ( z y ) d y = £ - j 2 
J ^ ( 2 z ) ^ J L ( 2 z ) 
3 2 4
 ( 2 z ) 2 4 ( 2 z ) ' ( 3 9 a ) 
u J 2 ( 2 z ) 
yjl -y* s i n ( z y ) c o s ( z y ) dy = | , ( 3 9 b ) 
and 
y c o s ( z y ) d y = 3 + 4 - j ^ y ( 3 9 c ) 
Using t h e r e c u r r e n c e r e l a t i o n 
J . ( 2 z ) + J
 + 1 ( 2 z ) J ( 2 z ) r - 1 r + l r 
2r 2z 
[ 3 , p 0 IOO] in e q u a t i o n ( 3 9 a ) g i v e s 
2 / . 2 . 2 / x . it % 1 
y y i - y s i n ( z y ) dy = 55 - - " J x ( 2 z ) + J 3 ( 2 z f +
 4 T2zT" 
w J ( 2 z ) - J . ( 2 z ) 
=
 3 2 " 16 2z 16 2z 
L e t t i n g z = 2 ^ T t and s u b s t i t u t i n g t h i s r e s u l t , t o g e t h e r w i t h e q u a t i o n s 
( 3 9 b ) and ( 3 9 c ) , in ( 3 6 ) y i e l d s 
l im E w ( t ) 
N 0 0 
N m . e m ! . e m ! J i ( 4 y r t ] . 3 J 3 ( 4 t ] 
4 ^ " t 4 v f t 
29 
o K JT J 2 U & 0
 + m b 2 + mb 2 V 4 ^ *> 
- 2mab Jp — + — + — 
*Jf t A Jft 
By using t h e r e c u r r e n c e r e l a t i o n s e v e r a l t i m e s , one f i n d s t h a t 
2 
l im E N ( t ) = aea_[i - J0(4vft) + j 4 ( 4 v f - t ) ] 
- ^kJH [ j ( 4 - ^ t ) + J 3 ( 4 Jft)] 
+ a|- [1 + J Q ( 4 Jft) + ^ ( 4 ^ t ) ] . (40) 
I t r emains t o be shown t h a t t h i s l i m i t i s a c t u a l l y t h e t o t a l k i n e t i c 
e n e r g y o f t h e i n f i n i t e c h a i n . Using r e s u l t s (Appendix B , e q u a t i o n s ( B . l ) , 
( B . 2 ) and ( B . 3 ) ) o b t a i n e d from Neumann's a d d i t i o n theorem f o r B e s s e l 
f u n c t i o n s [ 4 , p . 3 6 3 ] , one can p r o v e t h a t 
00 
[ 1 - J q (2Z) + J 4 ( 2 z ) ] = 2 ] [ [ J 2 j - l ( z ) " J 2 j + 3 ( z ) ^ 2 > ( 4 1 a ) 
00 
- [ J 1 ( 2 z ) + J 3 ( 2 z ) ' ] = 2 £ [ J 2 j - l ( z ) ' J 2 j + 3 ( z ) ^ J 2 j ( z ) + J 2 j + 2 ( z ) ^ ( 4 1 b ) 
j=o 
and 
[ 1 + J q (2Z) + J 2 ( 2 z ) ] = 2 £ [ J 2 j (z) + J 2 j + 2 ( z ) ] 2 . ( 4 1 c ) 
j - o 
These e q u a t i o n s when c o n s i d e r e d t o g e t h e r w i th e q u a t i o n s ( 3 3 ) , ( 3 4 ) , and 
( 4 0 ) imply t h a t l im E N ( t ) i s t h e t o t a l k i n e t i c e n e r g y o f t h e i n f i n i t e 
N->°° 
c h a i n . Hence 
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1 - J o ( 4 v f " t ) + J 4 ( 4 7Ft)]- [3^4 Jft) 
. 2 
J 3 (4*f"t) ] + [ 1 + J Q ( 4 vFt) + J 2 ( 4 y p " t ) ] . ( 4 2 ) 
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CHAPTER IV 
ALMOST PERIODIC FUNCTIONS 
T h i s c h a p t e r c o n t a i n s two s e c t i o n s . In t h e f i r s t s e c t i o n some 
d e f i n i t i o n s a r e made and theorems s t a t e d wi thout p r o o f . In t h e second 
s e c t i o n a p r o o f o f K r o n e c k e r ' s Theorem based on t h e t h e o r y o f a lmost 
p e r i o d i c f u n c t i o n s i s g i v e n . These r e s u l t s w i l l be used i n C h a p t e r V 
t o compare t h e k i n e t i c e n e r g i e s i n f i n i t e and i n f i n i t e s p r i n g - m a s s c h a i n s 
s u b j e c t t o s i m i l a r i n i t i a l c o n d i t i o n s . 
D e f i n i t i o n s and S t a t e d Theorems 
In o r d e r t o g i v e t h e usua l d e f i n i t i o n o f an a l m o s t p e r i o d i c f u n c ­
t i o n two p r e l i m i n a r y d e f i n i t i o n s a r e made. 
D e f i n i t i o n 1 . A s u b s e t X o f t h e r e a l numbers i s r e l a t i v e l y dense 
i f and o n l y i f t h e r e e x i s t s a r e a l number L such t h a t f o r any r e a l number 
a t h e r e i s an e lement x in t h e s e t X w i t h t h e p r o p e r t y t h a t a < x < a + L . 
D e f i n i t i o n 2, L e t f be a complex-va lued f u n c t i o n de f ined on t h e 
s e t o f a l l r e a l numbers. L e t e be a p o s i t i v e number. Then t i s a t r a n s ­
l a t i o n number o f f c o r r e s p o n d i n g t o e i f and o n l y i f 
lf(t) - f ( t + t)1 <
 e • 
f o r a l l r e a l t . The s e t o f a l l t r a n s l a t i o n numbers o f a f u n c t i o n f c o r ­
responding t o a p o s i t i v e number e w i l l be denoted by E [ f ; e ]„ 
D e f i n i t i o n 3 . L e t f be a c o n t i n u o u s complex -va lued f u n c t i o n de f ined 
on t h e s e t o f a l l r e a l numbers, f i s a l m o s t p e r i o d i c ( a . p . ) i f and o n l y i f 
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f o r any p o s i t i v e number e , E [ f ; e ] i s r e l a t i v e l y d e n s e . 
I t f o l l o w s from t h i s d e f i n i t i o n t h a t any c o n t i n u o u s p e r i o d i c f u n c ­
t i o n i s a lmos t p e r i o d i c . 
The fo l lowing theorems can be proved wi th t h i s d e f i n i t i o n o f an 
a l m o s t p e r i o d i c f u n c t i o n . 
Theorem 1 . I f f ( t ) and g ( t ) a r e a . p . f u n c t i o n s , then 
i ) f ( t ) + g ( t ) i s an a . p . f u n c t i o n , 
and i i ) [ f ( t ) ] [ g ( t ) ] i s an a . p . f u n c t i o n . 
P r o o f ; See [ 8 , pp. 3 6 - 3 8 ] . 
S i n c e A e K i s a lmos t p e r i o d i c i f \ i s r e a l , i t f o l l o w s from 
P K ' P ' 
V lXot 
Theorem 1 t h a t i f \ - ^ 9 . . . 9 \ a r e r e a l , then ^ A^e i s a lmos t 
p e r i o d i c . P * 
Theorem 2 . I f f ( t ) i s an a . p . f u n c t i o n , then 
T 
l im [ =• f ( t ) d t ] e x i s t s . 
T * « 1 o 
P r o o f : See [ 8 , pp. 3 9 - 4 2 ] . T h i s l i m i t i s denoted by M {j(t)^ and 
i s c a l l e d t h e mean o f f . 
Theorem 3 . I f f ( t ) and g ( t ) a r e a . p . f u n c t i o n s and c^ and c 2 a r e 
c o n s t a n t s , then 
M { C j , f ( t ) + c2g(t)j = C l M ( f ( t ) } + c 2 M ( g ( t ) } . 
P r o o f ; C j , f ( t ) + c 2 g ( t ) i s an a „ p . f u n c t i o n by Theorem 1 . The 
p r o o f o f Theorem 3 fo l l ows from t h e d e f i n i t i o n o f t h e mean of an a.p. function. 
3 3 
Theorem 4 . I f X^ and X 2 a r e r e a l , then 
i K j t - i X 2 t v J O . I f ^ A 2 
M Ve e \ = ( 
i i f ^ =x2 
P r o o f : See [ 8 , p . 4 8 ] . 
Theorem 5 . I f X ^ , \ ^ , t , , f \ ^ a r e d i s t i n c t r e a l numbers, and i f 
f ( t ) = ^ A e > t h e n 
p=l 
0 i f X / X 1 ? X 0 , . . „ , nor X, 
M ' 
I A P i f X = Xp f o r some p ( l < p < N ) . 
P r o o f : The p r o o f i s a consequence o f Theorems 3 and 4 . 
Theorem 6 . I f f ( t ) i s a r e a l a . p . f u n c t i o n , t h e n t h e l e a s t upper 
bound ( l . u . b . ) o f f ( t ) f o r a l l r e a l t i s equal t o l . u . b . f ( t ) f o r p o s i t i v e 
t , and t h e g r e a t e s t lower bound ( g . l . b . ) o f f ( t ) f o r a l l r e a l t i s equal 
t o g . l . b . f ( t ) f o r p o s i t i v e t . 
P r o o f . The p r o o f o f t h i s theorem f o l l o w s from t h e f a c t t h a t t h e r e 
a r e a r b i t r a r i l y l a r g e t r a n s l a t i o n numbers o f f ( t ) f o r any p o s i t i v e num­
b e r e . 
A P r o o f o f K r o n e c k e r ' s Theorem 
Theorem 7 . ( K r o n e c k e r ' s T h e o r e m ) . L e t e be an a r b i t r a r y p o s i t i v e 
number; l e t tp^^^f • • • be a r b i t r a r y r e a l numbers. I f X ^ , X 2 , . . . , X ^ a r e 
r e a l numbers such t h a t f o r e v e r y s e t o f r a t i o n a l numbers r ^ , r 2 , . . . , r ^ 
which a r e not a l l z e r o 
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r l X l + r 2 X 2 + • • • + r N X N ^ 0 " 
t h a t i s , i f t h e s e t { \ ^ A 2 , . . . A N | i s l i n e a r l y independent o v e r t h e 
r a t i o n a l n u m b e r s - - , t h e n t h e r e e x i s t s a number t and i n t e g e r s n ^ , n 2 > ' « » > n N 
such t h a t 
'V + ^ p " v'< e * p = 1,2,•••, N * 
P r o o f ; F i r s t , two lemmas a r e p r o v e d . 
Lemma 1. I f f ( t ) and g ( t ) a r e two a . p . f u n c t i o n s such t h a t 
| f ( t ) | < u f o r a l l t (where u i s a c o n s t a n t ) and g ( t ) i s r e a l and non-
n e g a t i v e , then 
|M ( f ( t ) g ( t ) } | < uM ( g ( t ) } . 
|M ( f ( t ) g ( t ) } | - I l im [ i f J f < t ) g ( t ) d t ] | 
= l im | i f f ( t ) g ( t ) d t | . 
|M ( f ( t ) g ( t ) } | < l im f- f | f ( t ) | | g ( t ) | d t 
1 J
 T - > ~ 1 J 0 
P r o o f : 
Hence 
< lim £ T g(t) . 
T 0 
T h e r e f o r e 
| M - { f ( t ) g ( t ) } | < u M { g ( t ) } . 
Lemma 2 . I f X ^ , * ^ , . . . ^ a r e r e a l numbers such t h a t f o r e v e r y s e t 
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o f r a t i o n a l numbers r ^ , r 2 , . . . , r ^ which a r e not a l l z e r o 
r 1 \ 1 + r 2 \ 2 + . . . - + r N \ N / 0 , 
and i f 
N 
E iX t A e p D O U P 
P = l 
where A , A . , A _ , 
o ' 1 ' 2' 
a l l r e a l t i s 
jA^ a r e complex numbers, then t h e l . u . b . | f ( t ) | f o r 
N 
Eh 
P=° 
P r o o f ; I t s u f f i c e s t o assume t h a t t h e c o n s t a n t t e r m A o f f ( t ) i s 
o 
r e a l and n o n - n e g a t i v e , s i n c e i f A / 0 , 
I F ( t ) I -
I A, 
f ( t ) 
f o r a l l r e a l t , and t h e c o n s t a n t t erm o f ^ ° f ( t ) i s r e a l and n o n - n e g a -
o 
t i v e (A i s t h e unique c o n s t a n t t e r m o f f ( t ) s i n c e i f X = 0 f o r any p , 
o p 
t h e X p ' s a r e not l i n e a r l y independent o v e r t h e r a t i o n a l n u m b e r s ) . L e t 
N 
U be t h e l . u . b . | f ( t ) | . £ |A | i s c l e a r l y an upper bound o f | f ( t ) | ; 
hence 
P=o 
--E ( 4 3 ) 
P=o 
36 
t h 
Now c o n s i d e r t h e q - o r d e r F e j e r k e r n e l de f ined by 
K ( t ) - T ( l - H e - V t q Li q 
v = - q 
I t can be shown [ 8 , p . 2 4 ] t h a t 
K ( t ) i fa®2 
q
 «Wn<|> 
and t h u s K ( t ) i s r e a l and n o n - n e g a t i v e . L e t V ^ , V * 2 , . . . , V N be r e a l num^ 
q 
b e r s such t h a t 
i V n 
A p = l A p l e ' P = 1 . 2 , . . . , N . 
Def ine 
N 
K ( t ) = n K ( \ t + V ) . 
p = l * P P 
I t f o l l o w s from t h e p r o p e r t i e s o f K ^ ( t ) t h a t R ^ ( t ) i s r e a l and n o n - n e g a t i v e j 
hence by Lemma 1 
|M ( f ( t ) K ( t ) } | < U m { R ( t ) } . ( 4 4 ) 
By m u l t i p l y i n g out t h e e x p r e s s i o n f o r K ^ ( t ) one o b t a i n s 
n i r> - i ^ "t - iV n K ( t ) = 1 + 3=L V e p e p + R ( t ) , ( 4 ? ) 
q q i_i 
p=l 
/ x 1 A St 
where R \ t ) i s a sum o f t h e form 2 a e w i t h none o f t h e A equal 
s s 
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t o 0 , -X^y-'K^f'f n o r " ^ n b e c a u s e o f t h e l i n e a r independence o f 
^ 1 , ^ 2 * # , , , ^ N o v e r 
( 4 5 ) i t f o l l ows t h a t 
^ 1 , ^ 2 ' * * *»Ntf o v e r ^he r a t i o n a l numbers. From Theorem 5 and e q u a t i o n 
M { K q ( t ) } = M ( e " i 0 t K q ( t ) ) = 1 . 
T h i s f a c t t o g e t h e r w i t h i n e q u a l i t y ( 4 4 ) i m p l i e s t h a t 
|M { f ( t ) K ( t ) } | < u . ( 4 6 ) 
From e q u a t i o n ( 4 5 ) and Theorem 3 i t f o l l o w s t h a t 
N
 IV i\ t 
M ( f ( t ) K q ( t ) ] = M { f ( t ) } + A=l [ e"*1 p l i f e " * p t f ( t ) } 
p=l 
+ 2 a gM | e s f ( t ) j . 
Use o f Theorem 5 , t h e d e f i n i t i o n o f f ( t ) , and t h e f a c t t h a t t h e ^ s ' s a r e 
not 0 , - \ ^ , - \ 2 , . . . r e d u c e s t h i s e q u a t i o n t o 
M { f ( t ) K q ( t ) } - - A o
 + fl=i EA/ l p . 
P=l 
IV 
S i n c e A q i s assumed t o be r e a l and n o n - n e g a t i v e and A ^ = | A ^ | e p , 
M { f ( t ) K q ( t ) } = l A j + ^ I | A p | . 
p=l 
Hence from i n e q u a l i t y ( 4 6 ) i t f o l l o w s t h a t 
3 8 
q u ' p 
p=l 
S i n c e q i s an a r b i t r a r y p o s i t i v e i n t e g e r , t a k i n g t h e l i m i t a s q •>«> g i v e s 
N 
I lAJ < " • (47) P 
P=o 
T o g e t h e r , i n e q u a l i t i e s ( 4 3 ) and ( 4 7 ) p r o v e t h e lemma. 
To p r o v e K r o n e c k e r ' s Theorem suppose t h a t e i s an a r b i t r a r y pos i ­
t i v e number and <p^, ( p ^ , . . . ,9^ a r e a r b i t r a r y r e a l numbers. C o n s i d e r t h e 
f u n c t i o n 
N 
f ( t ) = 1 + ^ 6 
p=l 
i2rt<p^  i2itXr%t 
- 1 + f
 e
i2
*V+V . 
P=l 
I f X ^ 9 \ ^ 9 . . . , X ^ a r e r e a l numbers such t h a t f o r e v e r y s e t o f r a t i o n a l 
numbers r ^ , ^ , . . . , ^ which a r e not a l l z e r o 
r l X l + r 2 X 2 + " - + r N X N ^ 0 ' 
t h e n 2nX^, 2^\^9... ,2rcX^ a r e r e a l numbers which a l s o p o s s e s s t h i s p r o p e r t y , 
Hence by Lemma 2 , l . u . b . | f ( t ) | i s N+l . The f u n c t i o n f ( t ) e q u a l s one p l u s 
a sum o f v a r i a b l e complex t e r m s which i s a lways l e s s t h a n o r equal t o N 
i n a b s o l u t e v a l u e — t h a t i s , f ( t ) = 1 + r ( t ) e 1 ( p t , r ( t ) < N. | f ( t ) | can 
be n e a r N+l o n l y i f f ( t ) i s n e a r N+l . S i n c e l . u . b . | f ( t ) | i s N+l , t h e r e 
39 
i s a sequence such t h a t 
l im | f ( t ) - ( N + l ) | = 0 . (48) 
However, 
| f ( t j ) - ( N + i l | > |Re[N+l - f ( t j ) ] | , 
and 
Re LN+1 - f ( t j ) ] • ( l - c o s LMXptj + q > p ) ] ] . 
P=l 
S i n c e t h e t e r m s o f t h i s sum a r e a l l n o n - n e g a t i v e , 
| f ( t j ) - (N+l)l > - c o s [ 2 n ( X p t j + ( p p ) ] ] , 
p = 1 , 2 , . . . , N . 
L e t n . _ be t h e i n t e g e r s such t h a t 
J>P 
X t . + q> -. ^ < n . < \ t . + f + ^ ; 
P J T P 2 - j , p p j T p 2 
l e t 
e . = X t . + <p - n . 
J » P P J P J>P 
Then 
| f ( t . ) - ( N + l ) | > 1 - c o s [ 2 i t ( n .
 n + e ) ] J J>P J>P 
= 1 - c o s 2ne . 
J>P 
Assume wi th no l o s s in g e n e r a l i t y t h a t e < ^ . Suppose t h a t f o r e a c h j 
t h e r e e x i s t s an i n t e g e r p f o r which |e . | > e . Then, f o r t h i s i n t e g e r p 
J>P 
4 0 
and h e n c e , 
| f ( t . ) - (N+l) | > 1 - c o s 2rte > 0 
f o r e a c h j . The f a c t t h a t |N+1 - f ( t . . ) | i s bounded away from z e r o f o r 
a l l i n t e g e r s j c o n t r a d i c t s ( 4 8 ) . Hence t h e r e i s a j f o r which 
Thus t h e theorem i s p r o v e d . 
A c o r o l l a r y w i l l be u s e f u l in C h a p t e r IV. 
C o r o l l a r y 1 . Assume t h a t < p ^ • • . ,<P^ and A Q , A ^ , . . . A ^ a r e a r b i t r a r y 
r e a l numbers. I f \ ^ , \ ^ 9 • • • y X ^ a r e r e a l numbers such t h a t f o r e v e r y s e t o f 
r a t i o n a l numbers r . , r 0 , , . . , r M which a r e not a l l z e r o 
N . 
r l X l + r 2 X 2 + + r N X N t 0 , 
and i f 
N 
f ( t ) = a + y a 
o u p 
, t + <p ) , 
P P 
p=l 
t h e n 
i ) l . u . b . f ( t ) f o r a l l p o s i t i v e t i s 
N 
p=l 
and 
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i i ) g . l . b . f ( t ) f o r a l l p o s i t i v e t i s 
N 
a . y (a t. 
0 £-1 p 
p=l 
P r o o f s S i n c e t h e p r o o f s o f p a r t i ) and p a r t i i ) a r e v e r y s i m i l a r , 
o n l y t h e p r o o f o f p a r t i ) i s g i v e n . By Theorem 6 i t s u f f i c e s t o p r o v e t h a t 
N 
l . u . b . f ( t ) f o r a l l r e a l t i s A q + £ [Ap|! . O b v i o u s l y t h i s q u a n t i t y i s 
p=l 
an upper bound. L e t c be an a r b i t r a r y p o s i t i v e number. Next i t i s shown 
N 
t h a t t h e r e i s a r e a l t such t h a t | f ( t ) - (A + ) [A f ) | <
 e , and t h u s 
O Li p 
p=l 
p a r t i ) o f t h e c o r o l l a r y i s p r o v e d . L e t 
1 0 i f A > 0 
6 = / P ~ p = 1 , 2 , . . . , N . 
P
 " 1 1 i f A < 0 
V. P 
Then 
A c o s ( X ) = A c o s ( X + 6 it * 6 it) P P P P 
= A c o s ( 6 it) c b s ( X + 6 it) P P P 
= |A I c o s ( X + 6 it), p = 1 , 2 , . . . , N . ( 4 9 ) 
P P 
From t h e d e f i n i t i o n o f f ( t ) 
N N |f(t)-(AQ+ ^|Ap|)l = l (^Ap c o s ( \ p t + < p p ) - |Ap|)| 
p=l p=l 
N 
< V |A cos (X t +© ) - |a I I , 
- L p p T p p 9 
p=l 
4 2 
and from ( 4 8 ) 
N N 
] f ( t ) - ( A q + ][ lApl)| < £ | A p | | c o s ( X p t + c p p + 6 p i t ) - l | . ( 5 0 ) 
p-1 p=l 
S i n c e c o s x i s c o n t i n u o u s and c o s (2nir) = 1 i f n i s an i n t e g e r , t h e r e i s 
a p o s i t i v e number 6 such t h a t i f x i s any number wi th t h e p r o p e r t y t h a t 
t h e r e i s an i n t e g e r n f o r which | x - 2mt | < 6 , t h e n 
| c o s x - 11 < -TJ—2 
P 
P=l 
By K r o n e c k e r ' s Theorem, t h e r e i s a r e a l number T and i n t e g e r n p such t h a t 
ly + a? + i " " p l < £ ' P - I , 2 . . . . . H . 
L e t t i n g t = 2rcT, one f inds t h a t 
1
 p t T p P p ' 
and hence 
|cos(x t + ( p + 6 it) - 11 < P P P N 
P 
p=l 
I t f o l l o w s from i n e q u a l i t y ( 5 0 ) t h a t 
N 
l f ( t ) - (A o + I |A p |) | < e 
P=l 
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CHAPTER V 
PROPERTIES OF THE KINETIC ENERGIES 
IN THE SPRING-MASS CHAINS 
T h i s c h a p t e r i s devoted t o a compar ison o f t h e k i n e t i c e n e r g i e s i n 
t h e i n f i n i t e and f i n i t e s p r i n g - m a s s c h a i n s f o r which t h e sys t ems (A) and 
( A ' ) a r e t h e r e s p e c t i v e m a t h e m a t i c a l mode l s . F o r t h e k i n e t i c e n e r g y o f 
t h e i n d i v i d u a l masses and t h e t o t a l k i n e t i c e n e r g y o f e a c h s y s t e m , t h e 
fo l lowing q u e s t i o n s a r e c o n s i d e r e d ( though not c o m p l e t e l y answered i n 
e v e r y c a s e ) : 
1 ) Does t h e q u a n t i t y have a l i m i t a s t ^ ° ° ? I f i t d o e s , what i s 
t h e l i m i t ? 
2 ) What a r e t h e l e a s t upper bound and g r e a t e s t lower bound o f 
t h e q u a n t i t y f o r t > 0 ? 
The ( j + l ) t h component „ ( t ) o f t h e s o l u t i o n o f ( A ' ) found in 
C h a p t e r I I I i s d e f i n e d o n l y f o r t > 0 and i s t h e r e f o r e no t an a l m o s t 
p e r i o d i c f u n c t i o n a s d e f i n e d i n C h a p t e r IV. However t h e e x p r e s s i o n f o r 
X.. . ( t ) g i v e n in e q u a t i o n ( 1 6 ) and t h e e x p r e s s i o n s f o r E . ^ ( t ) i n ( 3 1 ) 
and E N ( t ) in ( 3 2 ) , i f c o n s i d e r e d f o r a l l r e a l t , a r e a l m o s t p e r i o d i c 
f u n c t i o n s . C o r o l l a r y 1 can t h e n be a p p l i e d t o t h e s e q u a n t i t i e s i f i t 
can be shown t h a t t h e r e i s no s e t o f r a t i o n a l numbers 
a l l o f which a r e z e r o such t h a t 
r ^ u ( N , l ) + r 2 u ( N , 2 ) + + r N u ( N , N ) = 0 . 
4 4 
Though t h e n o n - e x i s t e n c e o f such r a t i o n a l numbers cannot be proved in 
g e n e r a l , by us ing a method s i m i l a r t o one used by C. Hemmer in [ 9 , pp . 
2 1 - 2 2 , 6 8 - 7 0 ] one can p r o v e 
Theorem 8 . T h e r e e x i s t r a t i o n a l numbers r ^ , r 2 , . . . , r ^ not a l l o f 
which a r e z e r o such t h a t 
i f and o n l y i f 2N+1 i s not a p r i m e . 
P r o o f : S e v e r a l c o n c e p t s i n t r o d u c e d i n t h e p r o o f o f t h i s theorem 
a r e not p e r t i n e n t t o t h e d i s c u s s i o n o f t h e s p r i n g - m a s s c h a i n s , and t h e r e ­
f o r e t h e p r o o f i s g i v e n i n Appendix C. 
L i m i t s o f t h e K i n e t i c Energy o f I n d i v i d u a l Masses 
The k i n e t i c e n e r g y E j N ( t ) o f t h e ( j + l ) * * 1 mass i n t h e f i n i t e c h a i n 
i s m/2[\ . ( t ) ] 2 . I t f o l l o w s from e q u a t i o n s ( 1 6 ) and ( 2 5 ) t h a t 
* N , J ^ = 2N+T I C 0 S ^ 2 N T l 2^ ^ I r i 1 ( 2 j + 1 ^ [ - a w ( N , p ) s i n ( w ( N , p ) t ) 
r x w ( N , l ) + r 2 w ( N , 2 ) + . . . + r^u(N,N) = 0 
N 
p=l 
where <p. N,p a r e r e a l numbers such t h a t 
( 5 2 a ) 
4 5 
and 
s i n cpN n = aw(N,p)/ya2w2(N,p) + b 2 , ( 5 2 b ) 
i,p 
P l ,2 ,o««,N • 
Suppose t h a t . . ( t ) i s a c o n s t a n t c . From ( 5 1 ) , by i n t e g r a t i n g 
from 0 t o T , d i v i d i n g by T , and t a k i n g t h e l i m i t a s T -» °° , one f i n d s t h a t 
M { * N j ^ ) = °* B u t M { c } = c ' H e n c e c = 0 . Thus i f X N . . ( t ) i s a c o n ­
s t a n t , then X^ ^ ( t ) = 0 ; and 
M { c o s ( w ( N , l ) t + < P N > 1 ) X N > j ( t ) } = M { e o s ( w ( N , l ) t + q>j^  ^) oj = 0 . 
But from ( 5 1 ) i t f o l l o w s t h a t 
M [ c o s ( u ( N , l ) t + < P N > 1 ) X N > j ( t ) ] = \ C O s ( ( 2 N ^ l ) 2 ) c o s ( 2 N T l 1} / a 2 w 2 ( N , l ) + b : 
/ 0 , j = 0 , 1 , 2 , . . . , N - 1 . 
Hence by c o n t r a d i c t i o n X^ .(t) i s not a c o n s t a n t . E ^ ( t ) could be a c o n ­
s t a n t o n l y i f j ( t ) | were c o n s t a n t . S i n c e X^ . . ( t ) i s c o n t i n u o u s and not 
N/ \ 
a c o n s t a n t , i t f o l l o w s t h a t E . ( t ) i s not a c o n s t a n t . 
A n o n - c o n s t a n t a l m o s t p e r i o d i c f u n c t i o n f c a n n o t have a l i m i t a s 
t •> °° , s i n c e i t w i l l have a t l e a s t two d i s t i n c t v a l u e s i n i t s r a n g e and 
t h e r e w i l l be a r b i t r a r i l y l a r g e t ' s f o r which f ( t ) i s a r b i t r a r i l y c l o s e 
t o e a c h o f t h e s e v a l u e s . Hence t h e k i n e t i c e n e r g y o f e a c h i n d i v i d u a l mass 
i n t h e f i n i t e c h a i n h a s no l i m i t a s t - > » , 
F o r any i n t e g e r v , l im J ( X ) * 0 [ 1 0 , p . 1 7 0 ] . I t t h e r e f o r e f o l -
X - » ° ° v 
lows from e q u a t i o n ( 3 3 ) t h a t t h e k i n e t i c e n e r g y o f e a c h i n d i v i d u a l mass i n 
t h e i n f i n i t e c h a i n h a s a l i m i t o f z e r o a s t 
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L e a s t Upper Bounds o f t h e K i n e t i c E n e r g i e s o f I n d i v i d u a l Masses 
L e t 
d = l . u . b . l X ( t ) | , j = 0 , 1 , 2 
t > 0 9 9 9 • • • J 
N - l . 
Then 
The v a l u e o f d. has not been found f o r t h e g e n e r a l c a s e , but 
i f 2N+1 i s a p r i m e , i t f o l l o w s from e q u a t i o n ( 5 1 ) , Theorem 8 , and C o r o l l a r y 
1 t h a t 
A s i m p l i f i e d e x p r e s s i o n f o r t h i s sum when a and b a r e a r b i t r a r y has not 
been found; however , a more t h o r o u g h a n a l y s i s can be made f o r t h e s p e c i a l 
c a s e 2N+1 a prime and a = 0 . In t h i s c a s e t h e f i n i t e c h a i n h a s a l l masses 
i n i t i a l l y a t t h e i r r e f e r e n c e p o s i t i o n s and a l l masses s t a t i o n a r y e x c e p t 
t h e f i r s t , which has v e l o c i t y b . System ( A ' ) w i t h a = 0 i s t h e m a t h e ­
m a t i c a l model o f t h i s c h a i n . Then from ( 5 3 a ) and ( 5 3 b ) 
p=l (53a) 
and 
N 
N 
E lC08<§Sr!> c o s [ | ^ | ( 2 j + l ) ] | , ( 5 4 ) 
p=l 
j = 0 , 1 , 2 , . . . , N - 1 . 
F o r N = 5 , 6 d M . / | b | j = 0 , 1 , 2 , . . . , N - 1 a r e g i v e n t o four s i g n i f i c a n t 
f i g u r e s in T a b l e 1 . 
T a b l e 1 . d N > j / [ b l ( j = 0 , 1 , 2 , . . . , N - l ) 
X 0 1 2 3 4 in 
5 1 . 0 0 0 0 . 8 4 1 2 0 . 8 5 7 6 0 . 8 4 1 2 0 . 8 5 7 6 — 
6 1 . 0 0 0 0 . 8 3 8 6 0 . 8 3 0 1 0 . 8 5 5 1 0 . 8 3 8 6 0 . 8 5 5 1 
In t h e t a b l e d N Q/lbl = 1 and d N ) j / | b | < 1 , j = l , 2 , . . . ,N-1 - - a f a c t which 
a s w i l l be shown i m m e d i a t e l y , can be proved i n g e n e r a l f o r t h i s c a s e 
(2N+1 p r i m e , a = 0 ) . 
dM V>b' = 1
From ( 5 4 ) , 
N 
dN,c/lb| = Wi E | c o s ( § T i !> c o s ( ^ r r 5)1 
p=l 
2N+1 L c o s V2N+1 2} 
p=l 
= 2 N T T S ( 0 > 0 ) > 
where S ( » , • ) i s de f ined by e q u a t i o n ( 2 8 ) . S ( 0 , 0 ) was found t o be equal 
4 8 
t o 2N+1 /4 ; hence 
d N y i b i = i . 
d / | b | < 1 , j = l , 2 , . . . , N - l 
I J • i i in i 
F o r p = 1 , 2 , . . . , N and j = 1 , 2 , . . . , N - 1 , t h e r e e x i s t s an i n t e g e r 
q . such t h a t 
P»J 
_ 1 < ( 2 p - l ) (2,1+1) 1 1
 ( } 
2 - 2N+1 2 q p , j ^ 2 * K 0 0 } 
The p o s s i b i l i t y o f e q u a l i t y on t h e l e f t i s a c t u a l l y e x c l u d e d s i n c e both 
2 p - l and 2 j + l a r e l e s s t h a n 2N+1, and 2N+1 i s now assumed t o be a p r i m e . 
1(2p-l)(2j+l) - 2q . ( 2 N + l ) l i s an odd i n t e g e r , and from ( 5 5 ) w i t h equal 
Pt 3 
i t y e x c l u d e d i t f o l l o w s t h a t 
| ( 2 p - l ) ( 2 j + l ) - 2qn . ( 2 N + 1 ) | < 2N+1 . P> J 
Def ine l ( p , q ) = | ( 2 p - l ) ( 2 j + l ) - 2q . ( 2 N + l ) | . Suppose t h a t f o r some 
P> 3 
f i x e d j I ( p , j ) = I ( p ' , j ) f o r 1 < p , p ' < N, p / p \ I f 
( 2 p - l ) ( 2 j + l ) - 2 q o . (2N+1) = ( 2 p ' - l ( 2 j + l ) - 2q^ , ( 2 N + l ) , 
P*J P>J 
i t f o l l o w s t h a t 
( p - p ' ) ( 2 j + l ) = (q , - q n , ) ( 2 N + 1 ) . 
P 93 P? J 
S i n c e t h e l e f t s i d e o f t h i s e q u a t i o n i s not z e r o and 2N+1 i s a p r i m e , i t 
f o l l o w s t h a t 2N+1 must d i v i d e e i t h e r ( p - p ' ) o r ( 2 j + l ) . But ( p - p 1 ) 
(1 < P > P ' < N i P / P ' ) ( 2 j + l ) ( l < j < N - l ) a r e b o t h l e s s t h a n 2N+1. 
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T h u s , t h i s e q u a t i o n i s a c o n t r a d i c t i o n . Now i f 
I ( p , j ) = I ( p ' , j ) 
and 
( 2 p - l ) ( 2 j + l ) - 2q^ . (2N+1) / ( 2 p ' - l ) ( 2 j + l ) - 2 a , . ( 2 N + 1 ) , 
PfJ P 9 J 
i t f o l l o w s t h a t 
( 2 p - l ) ( 2 j + l ) - 2q^ . (2N+1) = - ( 2 p ' - l ) ( 2 j + l ) + 2 a , . (2N+1) , 
P 9 J P 9 J 
from which one can o b t a i n 
( p + p ' ) ( 2 j + l ) = (q + q ) (2N+1) . 
P 9J P > J 
By t h e same r e a s o n i n g a s b e f o r e , t h i s e q u a t i o n i s a c o n t r a d i c t i o n . Hence 
I ( p , j ) ? I ( p ' , j ) i f P ^ P 1 . 
S i n c e | c o s ( 6 ) | = | c o s ( 6 + r m ) | f o r n an i n t e g e r and s i n c e 
c o s 6 > 0 f o r - | < 6 < | , 
| c o g f ( 2 p - l ) ( 2 J + l ) « I I , l c o s r ( 2 p - l ) ( 2 , j - H ) % _ 
1 C 0 S L
 2N+1 2 J l l C 0 S L 2N+1 2 q p , j J l 
( 2 p - l ) ( 2 j + l ) - 2 q p a . ( 2 N - H ) ^ 
= c o s [
 2 N + 1 2 ^ * 
S i n c e c o s 0 = c o s | s [ , 
I c o s l
 2 j l c o s L 2 J • 
In a d d i t i o n | c o s ( 2 P ^ ^ ) | - c o s ^ + i | ) (p = 1 , 2 , . . . , N ) ; and t h e r e f o r e 
from e q u a t i o n ( 5 4 ) i t f o l l o w s t h a t 
5 0 
d N , / ' b | = 2N+T I c o s ( | ^ i ) c o s ( | f e ^ | ) , 
p=l 
( 5 6 ) 
j = 1 , 2 , . . . , N - 1 , 
With j f i x e d l ( p , j ) , p = 1 , 2 , . . . , N , a r e N d i s t i n c t odd p o s i t i v e i n t e g e r s 
l e s s than 2N+1 — t h a t i s , t h e i n t e g e r s 1 , 3 , . . . , 2 N - 1 ( though not i n t h a t 
o r d e r ) . The sum 
IK 
E 
P = i 
C 0 8(2EzI 1) c o s ( I ' t P t J ) 1) 
V2N+1 2} K 2N+1 2} 
can be r e g a r d e d a s t h e d o t p r o d u c t o f two v e c t o r s 
and 
r / 1 *rc\ / 3 it \ /2N-1 itN-i 
L C 0 S ^ 2 N + 1 2 9 2N+1 2' f " ' f C 0 S ^ 2 N + 1 2 ^ 
r C 0 S ( l i i i i i l L ) c o s ( l ( 2 , j ) H) C 0 S ( l ( N , j ) £ ) i 
2N+1 2 2N+1 2' 
In t h e f i r s t v e c t o r , e a c h component i s l a r g e r t h a n a l l t h e components 
fo l lowing i t . From t h e d e f i n i t i o n o f l ( p , j ) , l ( l , j ) = 2 j + l , and hence 
t h e f i r s t component o f t h e second v e c t o r i s c o s ( ^ ^ ~ ) . One o f t h e 
l ( p , j ) , p = 2 , 3 , o . . , N , must be 1 j hence t h e r e i s a component o f t h e second 
v e c t o r which i s g r e a t e r t h a n i t s f i r s t component. T h e r e f o r e n e i t h e r o f 
t h e s e v e c t o r s can be a c o n s t a n t m u l t i p l e o f t h e o t h e r . Using t h e Cauchy-
Schwarz i n e q u a l i t y wi th e q u a l i t y e x c l u d e d y i e l d s 
E c o s(2p_il 2 L ) C 0 S ( l ( P i J ) H) k 2N+l 2 ; 0 k 2N+1 2} 
LP=I 
N 
V
 C0S2(2pdL IL) V C 0 82 (I.Cp,,ll 1L) 
L C 0 S k 2N+l 2' L C O S k 2N+1 2 ' 
p=l p=l 
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S i n c e ( l ( p , j ) | p = 1 , 2 , . . . , N J = { l , 3 , 5 , . . . , 2 N - l ] , 
P = i P = i 
Hence 
IN " 
E cos<»« 1' c o s ( IS+i 1i ) < I C 0 8 2 ( a 7 i l ) 
P=I P=I 
But 
2N+1 Zcos2(i+f !> = s(0>°> • 4 > 
P = i 
and t h e r e f o r e 
N 
L C 0 S V 2 N + 1 2} C 0 S L 2N+1 2 J 1 2N+1 
p=l 
From t h i s e q u a t i o n and ( 5 6 ) , i t f o l l o w s t h a t 
d N j j / | b | < 1 j = l , 2 , . . . , N - l . 
A p h y s i c a l i n t e r p r e t a t i o n o f t h e s e f a c t s f o r t h e s p e c i a l c a s e 
2 
t h e c h a i n i s t h e k i n e t i c e n e r g y mb / 2 o f t h e f i r s t m a s s , d^ Q / |D | = 1 
under c o n s i d e r a t i o n i s a s f o l l o w s . At t = 0 t h e t o t a l k i n e t i c e n e r g y i n 
r
* or t n e r i r s t m a s s . a K 1 
and d N . / | b | < 1 , j = 1 , 2 , . . . , N - 1 , mean, r e s p e c t i v e l y , t h a t t h e k i n e t i c 
e n e r g y o f t h e f i r s t mass f o r some t > 0 i s a r b i t r a r i l y c l o s e t o t h e t o t a l 
k i n e t i c e n e r g y o f t h e c h a i n , and t h a t t h e k i n e t i c e n e r g y o f any o t h e r mass 
i s bounded away from t h e t o t a l k i n e t i c e n e r g y f o r a l l t > 0 . 
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Now c o n s i d e r t h e k i n e t i c e n e r g y o f t h e ( j + l ) * * 1 mass in t h e i n f i n i t e 
c h a i n f o r which t h e system (A) i s t h e m a t h e m a t i c a l model . An e x p r e s s i o n 
f o r l . u . b . E . ( t ) has not been found. However s i n c e E . ( t ) > 0 , i t f o l l o w s 
t > o J J 
t h a t l . u . b . E . ( t ) > 0 . F u r t h e r m o r e s i n c e l im E . ( t ) = 0 and E . ( t ) i s 
t > o J t - * ° ° J J 
c o n t i n u o u s , l . u . b . E . ( t ) i s a t t a i n e d by E . ( t ) a t some f i n i t e t . 
t > o J J 
As in t h e f i n i t e c h a i n a more thorough a n a l y s i s can be made f o r t h e 
i n f i n i t e c h a i n i f a = 0 . F o r t h i s c a s e i t f o l l ows from t h e i n i t i a l c o n d i -
2 2 
t i o n s t h a t t h e t o t a l e n e r g y o f t h e c h a i n i s mb /2. S i n c e EQ(0) = m D /2 
and E ( t ) i s c o n t i n u o u s , l . u . b . E ( t ) = mb /2. Now suppose t h a t f o r some 
° t > o ° 
j > 0 l . u . b . E . ( t ) = mb /2. From t h e p r e c e d i n g p a r a g r a p h i t f o l l o w s t h a t 
t > o J 
t h e r e i s some t such t h a t E . ( t ) = mb /2. S i n c e E . ( o ) = 0 , t > 0 . 
o j o ' j o 
Hence a t some p o s i t i v e t Q , a l l t h e e n e r g y i n t h e c h a i n i s k i n e t i c e n e r g y . 
Thus no s p r i n g i s s t r e t c h e d a t t - -
X ( t ) - X _ ( t ) = 0 , n =1,2,... . 
n o n-1 o ' ' ' 
But from e q u a t i o n ( 3 ) w i t h a = 0 , i t f o l l o w s t h a t 
X ( t ) - X ( t ) = bJ [ j (2vfTs) + J 2 n + 2 ( 2 ^ " S ) " J 2 n - 2 ( 2 v ^ ~ s ) 
o 
- J2n(2,/rs)] ds. 
From t h e r e l a t i o n 2 J r ' ( z ) = ( J r - 1 ( z ) - J + 1 ( z ) ) [ 3 , p . 1 0 0 ] i t f o l l o w s t h a t 
r t 
X n ( t ) 7 Vl(t) = -2b J t J 2 n - l ( 2 ^ s ) + J 2 n + 1 (2v^s)3ds 
= - ^ Z T CJ2n-l(2 ^"
t} +
 J 2 n + 1 ( 2 ^ " t ) ] -
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Hence i f E ^ ( t Q ) = 2 2 - , 
J 2 n - 1 ( 2 ^ ~ V + ^ n + l ^ ^ V = °> n=1>2>'" ' 
Then 
q 
I ("DP[ Vl ( 2^ t o ) + J 2 p + 1 ( 2 ^ " * o ) ] = ° 
p=n 
f o r any p o s i t i v e i n t e g e r s n and q. S i n c e l im J ( x ) = 0 [ 1 0 , p . 1 7 6 ] , 
t a k i n g t h e l i m i t a s q - » 0 0 y i e l d s 
(-D n J2n-l(2^to) = ° 
f o r any p o s i t i v e i n t e g e r n. But two B e s s e l f u n c t i o n s o f d i f f e r e n t i n t e g e r 
o r d e r c a n n o t have a common p o s i t i v e z e r o [ l l , p . 4 8 4 ] , Thus by c o n t r a ­
d i c t i o n , 
E.(tQ) £ m b 2 / 2 
f o r any j > 0 and any t ; and hence l . u . b . E „ ( t ) < mb / 2 . As i n t h e f i n i t e 
° t > o 3 
c h a i n wi th a = 0 and 2N+1 a p r i m e , t h e l e a s t upper bound o f t h e k i n e t i c 
e n e r g y o f t h e f i r s t mass i n t h e i n f i n i t e c h a i n i s t h e t o t a l e n e r g y o f t h e 
c h a i n , and t h e l e a s t upper bound o f t h e k i n e t i c e n e r g y o f any o t h e r mass 
i s l e s s t h a n t h e t o t a l e n e r g y . 
G r e a t e s t Lower Bounds o f t h e K i n e t i c E n e r g i e s o f I n d i v i d u a l Masses 
I t was shown p r e v i o u s l y in t h i s c h a p t e r t h a t M ^ X ^ = 0> 
j = 0 , 1 , 2 , . . . , N - 1 . Now suppose t h a t . ( t ) | i s bounded away from z e r o — 
5 4 
t h a t i s , suppose t h a t t h e r e e x i s t s an € > 0 such t h a t |X . , . ( t ) l > c f o r 
N t 3 
a l l t > 0 . S i n c e . . ( t ) i s c o n t i n u o u s , _ . ( t ) must t h e n be p o s i t i v e 
f o r a l l t > 0 o r n e g a t i v e f o r a l l t > 0 . I f \ . ( t ) i s p o s i t i v e , i t 
™> 3 
f o l l o w s t h a t 
M { x N > . ( t ) } > , . 
I f Xj^  ^ ( t ) i s n e g a t i v e , i t f o l l o w s t h a t 
M ( * N , j ( t ) ) < - e • 
But e i t h e r o f t h e s e c o n d i t i o n s i s a c o n t r a d i c t i o n , s i n c e M { x ^ j ^ ) } = ° -
Hence | X ^ . ( t ) | i s not bounded away from z e r o , and c o n s e q u e n t l y 
g . l . b . E . N ( t ) = 0 . 
t > o J 
S i n c e E . ( t ) > 0 and l im E . ( t ) = 0 , i t f o l l o w s t h a t 
3
 t - > ° ° 3 
g . l . b . E . ( t ) = 0 . 
t > o J 
Thus in both t h e f i n i t e and i n f i n i t e c h a i n s t h e g r e a t e s t lower bound o f 
t h e k i n e t i c e n e r g y o f e a c h i n d i v i d u a l mass i s z e r o . 
L i m i t s o f t h e T o t a l K i n e t i c E n e r g i e s 
From e q u a t i o n ( 3 2 ) i t f o l l o w s t h a t t h e t o t a l k i n e t i c e n e r g y o f 
t h e f i n i t e c h a i n o f N masses i s 
N 
=
 2 2JW E COs2^2NTl' 2* ( a 2 W 2 ( N > p ) + b 2 ) c o s 2 ( w ( N , p ) t + r p N ) , 
p=l 
5 5 
where cpN , p - 1 , 2 , . . . , N , s a t i s f y ( 5 2 a ) and ( 5 2 b ) . Using t h e i d e n t i t y 
N ,p 
2 Q 1 + c o s 26 r . . . . . 
c o s 6 = — , one f i n d s t h a t 
N 
H N ( t ) = ?2NTT l«^M^ {aV(N,p)+b2}
 +
p=l 
N 
! 2W I COs2(iiT 5> {•VW)
 +b2} c o s ( 2 w ( N , p ) ^ N > p ) . 
P = = 1
 ( 5 7 ) 
By r e a s o n i n g s i m i l a r t o t h a t used i n t h e f i r s t o f t h i s c h a p t e r t o show t h a t 
^ . ( t ) has no l i m i t as t i t f o l l o w s t h a t t h e n o n - c o n s t a n t p a r t o f 
E N ( t ) , 
I l k I ^ M l 5 {aV(N,p)
 +b2} cos(2W(N,p)t+2q,N)p) , 
p=l 
has no l i m i t a s t • > 0 0 . Hence E ( t ) h a s no l i m i t a s t 0 0 . 
Although l im E ( t ) does not e x i s t , i t i s i n t e r e s t i n g t o n o t e 
t 
t h e v a l u e o f t h e mean o f E ^ ( t ) . By i n t e g r a t i n g ( 5 7 ) from 0 t o T , d i v i d i n g 
by T , and t a k i n g t h e l i m i t a s T one f i n d s t h a t 
=?2NTT I cos2(|^|){aV(N,p)+b2} . 
p=l 
S i n c e u ( N , p ) = 2*/f sin(2N+"l" 2^ ' 
" - 5 5*1 E * <«»2(g£ f> s i n ^ f ) 
p=l 
5 6 
where S ( » , • ) i s d e f i n e d by e q u a t i o n ( 2 8 ) . Using t h e i d e n t i t y 
2 c o s 0 s i n 0 = s i n 28 and t h e v a l u e o f S(o, 0 ) g i v e n by ( 3 0 ) , one f i n d s 
t h a t 
P = i 
S i n c e 
N 
s i n 2N0 
s i n 2 0 = 1 " ^ 0 S 2 0 and £ c o s ( ( 2 p - l ) e ) = 
E sin2(iri- = E 
p=l p=l 
2 s i n 6 
p=l 
i f s i n 0 / 0 [7 , p . 3 6 6 ] , 
N ,
 r / 2 p - l v 1 - c o s i ^ ] -
N _ 2N+1 
2 4 s in (2^r} 
N _ S i n ( 2 * - 2^T } 
2 
- 2N+1 
" 4 ° 
From t h i s i d e n t i t y and e q u a t i o n ( 5 8 ) , 
M { E N ( t ) ' ] = - S £ * l + 
But p = k/m, and hence 
M{EN(t)} •4L +Br^  • 
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At t = 0 , a l l masses in t h e f i n i t e c h a i n e x c e p t t h e f i r s t a r e a t r e s t ; t h e 
f i r s t has v e l o c i t y b . C o n s e q u e n t l y t h e t o t a l k i n e t i c e n e r g y a t t h a t t ime 
i s mb / 2 . Also a t t = 0 a l l s p r i n g s e x c e p t t h e f i r s t a r e u n s t r e s s e d ; t h e 
f i r s t i s s t r e t c h e d o r compressed | a | u n i t s . T h e r e f o r e t h e t o t a l p o t e n t i a l 
2 
e n e r g y a t t h a t t ime i s ka / 2 . Hence t h e t o t a l e n e r g y i n t h e f i n i t e 
2 2 
s p r i n g - m a s s c h a i n i s ka / 2 + mb / 2 . Thus , t h e mean o f t h e t o t a l k i n e t i c 
e n e r g y o f t h e f i n i t e c h a i n , which can be r e g a r d e d a s t h e a v e r a g e o f t h e 
t o t a l k i n e t i c e n e r g y wi th r e s p e c t t o t i m e , i s one h a l f t h e t o t a l e n e r g y o f 
t h e c h a i n . 
Now c o n s i d e r t h e i n f i n i t e c h a i n . From t h e f a c t t h a t l im J (X) = 0 
v 
f o r any i n t e g e r v [ 1 0 , p . 1 7 0 ] and from e q u a t i o n ( 4 2 ) , i t f o l l o w s t h a t 
2 2 2 2 i. r / , \ ma p , mb ka , mb l im E ( t ) = —!{" + —r~ ~ ~T~ + ~ r ~ • 
' 4 4 4 4 
t » 
Examining t h e i n i t i a l c o n d i t i o n s o f t h e i n f i n i t e c h a i n , one f i n d s t h a t i t , 
2 2 
l i k e t h e f i n i t e c h a i n , has a t o t a l e n e r g y o f ka / 2 + mb / 2 a t t = 0 . 
Hence t h e l i m i t o f t h e t o t a l k i n e t i c e n e r g y o f t h e i n f i n i t e c h a i n i s one 
h a l f o f i t s t o t a l e n e r g y . 
Bounds o f t h e T o t a l K i n e t i c E n e r g i e s 
T r i v i a l upper and lower bounds o f t h e t o t a l k i n e t i c e n e r g y f o r t h e 
2 2 
f i n i t e and i n f i n i t e c h a i n s a r e t h e t o t a l e n e r g y , mb / 2 + ka / 2 , and z e r o , 
r e s p e c t i v e l y . E x p r e s s i o n s f o r t h e l e a s t upper bound and g r e a t e s t lower 
bound o f t h e s e k i n e t i c e n e r g i e s have not been found i n t h e g e n e r a l c a s e . 
However f o r t h e f i n i t e c h a i n o f N m a s s e s i f 2N+1 i s a p r i m e , i t f o l l o w s 
from Theorem 8 , C o r o l l a r y 1 , and e q u a t i o n ( 5 6 ) t h a t 
5 8 
N 
i . u . b . e n u ) Eic"2<l!?ri> { a 2 " 2 < N > p > + b2)i 
t > 0
 p -1 
N 
+ m 4 
4 2N+1 
p=l 
E 'co»2(wfr i> (a2"2(N>p)+b2}i 
N 
m 4 
2 2N.+1 
p=l 
I | c o s 2 ( | ^ | ) {aV(N, p ) + b 2 } | ( 5 9 ) 
and 
N 
g . l . b . E N ( t ) =1^1 EW<§g^ t) ( » 2 » 2 ( N , p ) + b 2 } | 
t > G
 p - 1 
N 
m 4 
4 2N+1 
p=l 
E \™2<M% {aV(N,P)+b2} 
= 0 . ( 6 0 ) 
In t h e p r e v i o u s s e c t i o n o f t h i s c h a p t e r , i t was shown t h a t 
N m 4 
4 2N+1 
p=l 
V 2 / 2 p - l iv { 2 2 / M x . . 2 > a k . mb 
L C 0 S (2N+T 2 } I 3 w ( N j p ) + b J = "T~ ~ 4 ~ 
Hence from e q u a t i o n ( 5 9 ) i t f o l l o w s t h a t t h e l e a s t upper bound o f t h e 
t o t a l k i n e t i c e n e r g y i n t h e f i n i t e c h a i n o f N masses w i t h 2N+1 a prime 
i s t h e t o t a l e n e r g y . E q u a t i o n ( 6 0 ) s t a t e s t h a t t h e g r e a t e s t lower bound 
o f t h e t o t a l k i n e t i c e n e r g y in t h i s c h a i n i s z e r o . 
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CHAPTER VI 
RATES OF TRANSFER OF ENERGY IN THE 
INFINITE SPRING-MASS CHAIN 
In C h a p t e r V i t was shown t h a t t h e k i n e t i c e n e r g y o f e a c h mass i n 
t h e i n f i n i t e c h a i n has a l i m i t o f z e r o a s t + 0 0 . Next c o n s i d e r t h e 
t h K 2 p o t e n t i a l e n e r g y o f t h e ( j + l ) s p r i n g o f t h i s c h a i n , ^ ( X ^ ( t ) - X ^ + ^ ( t ) ) . 
From e q u a t i o n (3) i t f o l l o w s t h a t 
X ^ t ) - X j + 1 ( t ) = a [ J 2 j ( 2 v f ~ t ) - J 2 j + 4 ( 2 vp~t)] 
+ b J t [ J 2 j ( 2 # s ) - J ^ t e v f T s ) + J 2 j + 2 ( 2 y p r s ) 
- J 2 j + 4 ( 2 # s ) ] ds . 
Using t h e r e l a t i o n J q - 1 ( z ) ~ J q + i ^ z ^ = 2 J q ' z ^ P° 1 0 0 J a n d r o u t i n e 
i n t e g r a t i o n , one f i n d s t h a t 
X . ( t ) - X j + 1 ( t ) = a [ J 2 j ( 2 ^ t ) - J 2 j + 4 ( 2 # t ) ] 
+ ( b / A/F)[J2 j + 1(2 Jft) + J 2 j + 3 ( 2 v p " t ) ] . ( 6 1 ) 
S i n c e l im J (X) = 0 i f v i s an i n t e g e r [ 1 0 , p 0 1 7 0 ] , i t f o l l o w s t h a t t h e 
X-»«> v 
l i m i t a s t - > 0 0 o f t h e p o t e n t i a l e n e r g y of. any spr ing i n t h e i n f i n i t e c h a i n 
i s a l s o z e r o . Thus t h e l i m i t a s t • > 0 0 o f t h e t o t a l e n e r g y i n any f i n i t e 
p o r t i o n o f t h e c h a i n i s z e r o . 
C o n s i d e r now t h e i n f i n i t e c h a i n i n which i n i t i a l l y a l l masses a r e 
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a t t h e i r r e f e r e n c e p o s i t i o n s , a l l masses e x c e p t t h e f i r s t a r e s t a t i o n a r y , 
and t h e f i r s t mass has v e l o c i t y b . At t = 0 t h e t o t a l e n e r g y mb / 2 o f 
t h i s c h a i n i s k i n e t i c e n e r g y l o c a t e d i n t h e f i r s t m a s s . As t i n c r e a s e s 
t h e e n e r g y d i s s i p a t e s i n t o t h e c h a i n . As t •» 0 0 t h e amount o f e n e r g y 
t h t h 
which has passed from t h e ( j + l ) mass t o t h e ( j + l ) s p r i n g a p p r o a c h e s 
m b 2 / 2 . 
L e t F i \ ( t ) be t h e r a t e o f t r a n s f e r o f e n e r g y from t h e ( j + l ) * * 1 mass 
t o t h e ( j + l ) * * 1 s p r i n g i n t h i s c h a i n . Then 
R j ( t ) = k(X ( t ) - X ( t ) ) X ( t ) , ( 6 2 ) 
where X ^ ( t ) i s g i v e n by e q u a t i o n ( 3 ) w i th a = 0 . T h i s e x p r e s s i o n i s t h e 
p r o d u c t o f t h e f o r c e e x e r t e d by t h e ( j + l ) * * 1 mass on t h e ( j + l ) * * 1 s p r i n g 
and t h e v e l o c i t y o f t h e ( j + l ) * * 1 mass . From e q u a t i o n s ( 6 2 ) , ( 6 1 ) w i t h 
a = 0 , and ( 6 ) , i t f o l l o w s t h a t 
R j ( t ) = *p [ J 2 j + 1 ( 2 + J 2 j + 3 ( 2 v f t ) ] [ J 2 j ( 2 < / p " t ) 
+ J 2 j + 2 ( 2 ^ t ) ] . 
2 q J ( z ) 
Using t h e r e c u r r e n c e r e l a t i o n ^ ( z ) + J ^ + ^ ( z ) = —y [ 3 , p . 1 0 0 ] , 
one f i n d s t h a t 
. . 2 
R , ( t ) = l^~7T^ ( 2 J + 2 ) ( 2 j + l ) ] [ J 0 „ , 0 ( 2 ^ t ) ] [ J 0 . , 1 ( 2 v ^ " t ) ] . ( 6 3 ) J P 3 / 2 2 * J ' *
1
' J L 2 j + 2 Z ) J L J 2 j + 1 
Now s i n c e t h e p o s i t i v e z e r o s o f J q ( z ) f o r any i n t e g e r q form a 
sequence which c o n v e r g e s t o 0 0 and each p o s i t i v e z e r o i s s imple [ 3 , p 0 1 2 7 ] , 
and s i n c e ^ 2 j + 2 ^ z ^ a n c * ^2j+l^2^ n a v e n 0 c o m m o n p o s i t i v e z e r o s Lll, p* 4 8 4 ] , 
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i t f o l l ows from ( 6 0 ) t h a t t h e p o s i t i v e z e r o s o f R ^ ( t ) form a sequence 
which c o n v e r g e s t o 0 0 and each p o s i t i v e z e r o o f Rj("t) i s s i m p l e . Thus 
t h e r e a r e a r b i t r a r i l y l a r g e t f o r which I s n e g a t i v e . Although t h e 
t o t a l e n e r g y i n t h e f i n i t e p o r t i o n o f t h e c h a i n p r e c e d i n g t h e ( j + l ) * * 1 
s p r i n g has a l i m i t o f z e r o a s t , t h e r e a r e a r b i t r a r i l y l a r g e v a l u e s 
o f t f o r which e n e r g y i s r e t u r n i n g i n t o t h e f i n i t e p o r t i o n o f t h e c h a i n 
from t h e i n f i n i t e p o r t i o n . 
Now c o n s i d e r t h e amount o f e n e r g y which p a s s e s from t h e ( j + l ) * * 1 
mass t o t h e ( j + l ) * h s p r i n g between t i m e s 0 and T. T h i s q u a n t i t y can be 
w r i t t e n a s 
J H - ( t ) d t . 
As T t h e amount o f e n e r g y which has passed from t h e ( j + l ) * * 1 mass t o 
t h 2 
t h e ( j + l ) s p r i n g a p p r o a c h e s mb / 2 ; hence i t should be t h e c a s e t h a t 
rV(t)dt = . 
o J 2 
From e q u a t i o n ( 6 3 ) , 
r ° ° k b 2 ~ J (2#t)J Ujft) 
R . ( t ) d t = %^ (2j+2)(2j+l) f - 5 J ± 2
 d t 
o J p 3 / 2 J o t 2 
i f t h e s e improper i n t e g r a l s a c t u a l l y e x i s t . S i n c e 
.» j . ( c t ) j . ( c t ) (l)^ -1 r(\) r{v-+v?n) 
1 * d t = 
t2 2r(^ )^r(^ )^r(^±i) 
6 2 
prov ided t h a t t h e r e a l p a r t o f | i+v+l i s g r e a t e r t h a n t h e r e a l p a r t o f X 
and t h a t t h e r e a l p a r t o f X i s p o s i t i v e [ 4 , p . 4 0 3 ] ; i t f o l l o w s t h a t 
J"r ( t ) d t = ^ ( 2 j « ) ( 2 j + i ) 41 T 0 y > 
O p 
= ^ - , j = 0 , 1 , 2 , . . . . 
oo 2 
S i n c e p = K/m, f R . ( t ) d t = ° ~ , 
o J 2 
which i s t h e d e s i r e d r e s u l t . 
In C h a p t e r I I , a s p r i n g - m a s s c h a i n l i k e t h e one now being c o n s i d e r e d 
was s t u d i e d under t h e assumpt ion t h a t t h e d i s t a n c e between r e f e r e n c e p o s i ­
t i o n s o f a d j a c e n t masses i s a c o n s t a n t c c The o c c u r r e n c e o f t h e f i r s t 
extremum o f d i s p l a c e m e n t f o r e a c h mass was r e g a r d e d a s a d i s t u r b a n c e p a s s ­
ing t h r o u g h t h e c h a i n ; t h e d i s t u r b a n c e was a s s i g n e d a h y p o t h e t i c a l v e l o c i t y 
between a d j a c e n t m a s s e s ; and t h i s h y p o t h e t i c a l v e l o c i t y was shown t o 
have a l i m i t o f c ,/f a s t Now t h e o c c u r r e n c e o f t h e f i r s t maximum 
o f t h e e n e r g y t r a n s f e r r e d from t h e ( j + l ) t h mass t o t h e ( j + l ) * h s p r i n g dan 
a l s o be c o n s i d e r e d a s a d i s t u r b a n c e p a s s i n g through t h e c h a i n . T h i s max­
imum o c c u r s a t t h e f i r s t p o s i t i v e z e r o o f R „ ( t ) , S i n c e t h e f i r s t p o s i t i v e 
z e r o o f J 2 ^ + 1 ( z ) p r e c e d e s t h e f i r s t p o s i t i v e z e r o o f J 2 j + 2 ^ ^ 4 y p ° 3 7 0 ^ » 
t h e f i r s t maximum o f t h e e n e r g y t r a n s f e r r e d from t h e ( j + l ) * * 1 mass t o t h e 
t h i ( j + l ) s p r i n g o c c u r s when 2 i/p-'.t e q u a l s t h e f i r s t z e r o of J 2 ^ + ^ ( z ) . 
Thus by t h e same r e a s o n i n g a s used i n C h a p t e r I I , i t can be shown t h a t 
t h e h y p o t h e t i c a l v e l o c i t y o f t h i s d i s t u r b a n c e a l s o a p p r o a c h e s c Vp~ a s 
t - » 0 0 . 
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CHAPTER VII 
EXPRESSIONS FOR KINETIC ENERGIES IN 
THE STACKS OF SLIDING PLATES 
In C h a p t e r I t h e i n f i n i t e d i f f e r e n t i a l system ( b ) and i t s t r u n c a t e d 
form ( B ° ) a r e p r e s e n t e d . S o l u t i o n s o f t h e s e sys t ems a r e g i v e n by e q u a t i o n s 
( 4 ) and (£>), r e s p e c t i v e l y . A p h y s i c a l p r o t o t y p e o f t h e system ( B ) i s an 
i n f i n i t e s t a c k o f i d e n t i c a l f l a t p l a t e s s l i d i n g i n one d imens ion wi th v i s ­
cous f r i c t i o n a c t i n g between any p l a t e and t h e one below i t ( s e e F i g u r e 2 ) . 
V j ( t ) , j = 0 , 1 , 2 , . . . i s t h e r i g h t w a r d v e l o c i t y o f t h e ( j + l ) * h p l a t e . At 
t = 0 e a c h p l a t e e x c e p t t h e f i r s t i s s t a t i o n a r y , and t h e f i r s t p l a t e h a s 
a r i g h t w a r d v e l o c i t y b . A p h y s i c a l p r o t o t y p e o f t h e f i n i t e system ( B 8 ) i s 
o b t a i n e d by c o n s i d e r i n g t h e mot ion o f o n l y t h e f i r s t N p l a t e s whi l e sup-
t h 
pos ing t h a t a l l t h e p l a t e s a t and below t h e (N+l) a r e held s t a t i o n a r y . 
T h i s c h a p t e r i s p r e l i m i n a r y t o some compar i sons made i n C h a p t e r 
V I I I o f t h e k i n e t i c e n e r g i e s i n t h e f i n i t e and i n f i n i t e s t a c k s o f p l a t e s . 
In t h e p r e s e n t c h a p t e r t h e fo l lowing q u a n t i t i e s a r e c a l c u l a t e d f o r both 
t h e f i n i t e and i n f i n i t e s t a c k s o f p l a t e s : 
1 ) t h e k i n e t i c e n e r g y o f e a c h i n d i v i d u a l p l a t e in t h e s t a c k ; 
2 ) t h e t o t a l k i n e t i c e n e r g y o f t h e s t a c k . 
K i n e t i c E n e r g i e s in t h e F i n i t e S t a c k 
Vj. „ ( t ) g i v e n by e q u a t i o n (5) i s t h e r i g h t w a r d v e l o c i t y o f t h e 
p u t . in t h e s t a c , of N p i a t e s . L e t B j " ( t ) oe t n e K i n e t i c e n e l g y 
o f t h i s p l a t e ; t h a t i s 
6 4 
E . N ( t ) - f [V < t ) ] " 
^
 {
*fc> L I c o s ( I h i ! ) c o s ( i T i l ) c o s [ l m l ( 2 j + 1 ) ] 
p-1 q=l 
c o s [ | ^ | ( 2 J + 1 ) ] .Vp 'W*], 
( 6 4 ) 
where 
L e t E ( t ) be t h e t o t a l k i n e t i c e n e r g y in t h e f i n i t e s t a c k . 
E N ( t ) - Y E . N ( t ) 
J=o 
2 N N 
=
 D 1 | ~ ( 2N+T ) 2 E E C 0 8 ( l m l ) c o 8 ( i ? i l 5 8 ^ - 1 ^ " 0 
p=l q=l , . 
where S ( p - l , q - l ) i s d e f i n e d by e q u a t i o n ( 2 8 ) . From t h e v a l u e o f S(<-, • ) 
g i v e n by e q u a t i o n ( 3 0 ) , i t f o l l o w s t h a t 
E N ( t ) s S b ! _ 4 _ f c o s 2 ( ^ i 1 ) ^ * * ( 6 5 ) 
*
 K X )
 2 2N+1 L C 0 S V2N+1 2 ) e 8 ^ b D ; 
p-1 
K i n e t i c E n e r g i e s in t h e I n f i n i t e S t a c k 
t h 
V \ ( t ) g i v e n by e q u a t i o n ( 4 ) i s t h e r i g h t w a r d v e l o c i t y o f t h e ( j + l ) 
p l a t e in t h e i n f i n i t e s t a c k . From e q u a t i o n ( 4 ) and t h e i d e n t i t y 
65 
J c o s ( v n : x ) e z C 0 S l t x d x - I v ( z ) , ( 6 6 ) 
o 
where I v ( z ) i s t h e modi f ied B e s s e l f u n c t i o n o f o r d e r v and v i s an 
i n t e g e r [ 4 , p . 3 7 6 ] , i t f o l l ows t h a t 
V . ( t ) = b e - 2 a t [ l j + 1 ( 2 a t ) + I . ( 2 a t ) ] . ( 6 7 ) 
L e t E j ( t ) be t h e k i n e t i c e n e r g y o f t h e ( j + l ) * h p l a t e i n t h e i n f i n i t e 
s t a c k ; t h a t i s , 
E j ( t ) = | [ V . ( t ) ] 2 
=
 e -
4 a t [ l j + 1 ( 2 a t ) + l.(2at)f . ( 6 8 ) 
L e t E ( t ) be t h e t o t a l k i n e t i c e n e r g y o f t h e i n f i n i t e s t a c k . Then 
00 
E ( t ) = £ E . ( t ) 
j=0 
00 
=
 m | !
 e - 4 a t ^ [ l j + i ( 2 a t ) + i j ( 2 a t ) ] 2 , ( 6 9 ) 
i f t h i s s e r i e s c o n v e r g e s . To f ind a s i m p l i f i e d e x p r e s s i o n f o r E ( t ) and 
t o p r o v e c o n v e r g e n c e , a p r o c e d u r e l i k e t h a t employed i n C h a p t e r I I I t o 
f ind an e x p r e s s i o n f o r t h e t o t a l k i n e t i c e n e r g y o f t h e i n f i n i t e c h a i n i s 
u sed . As a c a n d i d a t e f o r t h e s i m p l i f i e d e x p r e s s i o n c o n s i d e r t h e i n t e g r a l 
, 2 f 1 2/nxx 4 a ( - l + c o s itx) . 
mb J c o s e ' dx . 
N / 
E ( t ) , t h e t o t a l e n e r g y o f t h e f i n i t e s t a c k o f p l a t e s , i s t h e p r o d u c t o f 
2N 
2^+1 a n d t h e Riemann sum o f t h i s i n t e g r a l wi th p a r t i t i o n p o i n t s 
2D~ 1 
Xp = P/N (p = 0 , 1 , 2 , . . . , N ) and i n t e g r a n d e v a l u a t e d a t X p = 2 N + 1 " (P = *> 2 > 
Hence 
l im E N ( t ) = m b 2 f 1 c o s 2 ( ^ ) e 4 a ( - 1 + c o s , t x ) t d x 
N-»«> o 
2 1 
mb P / , . \ 4a ( - 1 +cos-rex) t . 
~2~ J ' c o s n x ) e dx . 
From e q u a t i o n ( 6 6 ) i t f o l l o w s t h a t 
l im E N ( t ) = ^ e ' ^ ^ I ( 4 a t ) + I , ( 4 a t ) ] . 
N->oo ^ o i 
One can show ( s e e Appendix B) t h a t 
[ l o ( 2 z ) + I ^ z ) ] = I [ I j + 1 ( z ) + I . ( z ) ] 2 . (7 
J=o 
Hence i t f o l l o w s t h a t 
E ( t ) = * f - . " ^ I <<tat) + I 1 ( 4 a t ) ] . (7 
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CHAPTER V I I I 
PROPERTIES OF THE KINETIC ENERGIES 
IN THE STACKS OF PLATES 
In t h i s c h a p t e r t h e k i n e t i c e n e r g i e s i n t h e i n f i n i t e and f i n i t e 
s t a c k s o f s l i d i n g p l a t e s a r e compared. F i r s t i t i s shown t h a t f o r t h e 
k i n e t i c e n e r g i e s o f t h e i n d i v i d u a l p l a t e s and f o r t h e t o t a l k i n e t i c e n e r g y , 
i n both t h e f i n i t e and i n f i n i t e s t a c k s , t h e l i m i t a s t • > » i s z e r o . Then 
t h e fo l lowing l i m i t s a r e c o n s i d e r e d : 
1) t h e l i m i t a s t o f t h e r a t i o o f t h e k i n e t i c e n e r g y o f t h e 
( j + l ) * * 1 p l a t e i n t h e f i n i t e s t a c k t o t h e k i n e t i c e n e r g y o f t h e ( j + l ) * * 1 
p l a t e i n t h e i n f i n i t e s t a c k ij=0,1,...,N-l); 
2 ) t h e l i m i t a s t o f t h e r a t i o o f t h e t o t a l k i n e t i c e n e r g y i n 
t h e f i n i t e s t a c k t o t h e t o t a l k i n e t i c e n e r g y i n t h e i n f i n i t e s t a c k . 
L i m i t s o f K i n e t i c E n e r g i e s 
The numbers 
T N > p = 2 a ( c o s ( | ^ 7 c ) - 1) P = 1 , 2 , . . . , N , 
a r e a l l n e g a t i v e ; hence from e q u a t i o n ( 5 ) , i t f o l l o w s t h a t ( s i n c e t > 0 ) 
l im V ( t ) = 0 . 
t -» °° 9 3 
T h e r e f o r e 
l im E . N ( t ) - l im S [ V w . ( t ) ] 2 = 0 . 
t-»t»
 J
 t - » ° ° ' 3 
6 8 
T h a t i s , t h e l i m i t a s t 0 0 o f t h e k i n e t i c e n e r g y o f e a c h p l a t e i n t h e 
f i n i t e s t a c k i s z e r o ; c o n s e q u e n t l y t h e l i m i t a s t - * ° ° o f t h e t o t a l e n e r g y 
i n t h e f i n i t e s t a c k i s a l s o z e r o . 
Now in o r d e r t o show t h a t t h e l i m i t s a s t ^ 0 0 o f t h e k i n e t i c 
e n e r g i e s in t h e i n f i n i t e s t a c k a r e z e r o , c o n s i d e r t h e a s y m p t o t i c e x p a n ­
s i o n o f I ^ ( z ) . F o r v a f i x e d i n t e g e r and f o r z p o s i t i v e 
! ( z ) - - S l ( i • ±il±+ ( 4 v 2 - l ) ( 4 y 2 - 9 ) _ ( 4 v 2 - l ) ( 4 v 2 - 9 ) ( 4 v 2 - 2 5 )
 + 1 
V
 JSZl 8 Z 21 ( 8 z ) 2 3 : ( 8 z ) 3 J 
a s z 0 0 [ 4 , p . 3 7 7 ] , Thus f o r z > 0 
l im / 2 i t z e " Z I ( z ) = 1 ; ( 7 2 ) 
z -* 0 0 V 
and c o n s e q u e n t l y f o r z > 0 
l im e " Z I ( z ) = 0 . ( 7 3 ) 
z 0 0 v 
S i n c e a > 0 i t f o l l o w s from e q u a t i o n s ( 6 7 ) and ( 7 3 ) t h a t l im V . ( t ) = 0 
t -» 0 0 3 
and hence t h a t 
l im E . ( t ' ) = 0 . 
t 3 
From e q u a t i o n s ( 7 1 ) and ( 7 3 ) i t f o l l o w s t h a t 
l im E ( t ) = 0 . 
t -»«> 
Thus t h e k i n e t i c e n e r g y o f e a c h p l a t e in t h e i n f i n i t e s t a c k and t h e t o t a l 
k i n e t i c e n e r g y o f t h e i n f i n i t e s t a c k have t h e l i m i t z e r o a s t + 0 0 . « 
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L i m i t s o f R a t i o s o f K i n e t i c E n e r g i e s 
In o r d e r t o f ind t h e l i m i t o f t h e r a t i o s 
E j N ( t ) / E j ( t ) , (j = 0 , 1 , 2 , . . . , N - 1 ) 
c o n s i d e r t h e r a t i o s 
V N > j ( t ) / V j ( t ) (j = 0 , 1 , 2 , . . . , N - 1 ) . 
From e q u a t i o n s ( 5 ) and ( 6 7 ) i t f o l l o w s t h a t 
V ( t ) / V ( t ) = ^ 
VN,jU;/Yt; . - 2 a t 
2 ^ 1 E~.(^i ) c o . [ | r i | ( 2 J + 1 ) ] / H , p t 
b e " ^ a i - [ l j + 1 ( 2 a t ) + I j ( 2 a t ) ] 
N 
2N+1 
2Z± 
t 
/ / 4 a i t t e " 2 a t I j + 1 ( 2 a t ) + */4<mt e ~ 2 a t I j . ( 2 a t ) 
C o n s i d e r i n g e q u a t i o n ( 7 2 ) , one f i n d s t h a t 
l i m V N i ( t ) / V , ( t ) = i lim - I - V
 C0S(Z>zl ! L ) C O f i r 2 2 z l 
p=l 
A / 4^T e T N ' p t
 5 
and since 
lim v^ orct e Y N ' p t = 0 
( t > 0 and T N < 0 ) , i t f o l l o w s t h a t 
l im V , ( t ) / V ( t ) = 0 , j = 0 , 1 , 2 , , . . , N - l 
Hence 
a [v (t)r 
l im E . N ( t ) / E . ( t ) = l im 3 , N t J = Q 
t->- J J t*« |[Vj(t)]2 
Next c o n s i d e r t h e r a t i o * * 
E N ( t ) / E ( t ) 
From e q u a t i o n s ( 6 5 ) and ( 7 1 ) i t f o l l o w s t h a t 
N 
2 2Tm ^ C ° S ^2N+1 2;e 
E ( t ) / E ( t ) = 
^ e - 4 a t [ l o ( 4 a t ) + I x ( 4 a t ) ] 
N 
4 
2N+.1 I COs2(2NTl* 2} V ^ t ^ N , p t 
V8ait t e " 4 a t I Q ( 4 a t ) + ^/iaitt e " 4 a t I J L ( 4 a t ) 
Again by c o n s i d e r i n g e q u a t i o n ( 7 2 ) and t h e f a c t t h a t 
r——— 2^X1 t 
l im / 8 a * t e , p = 0 (p = 1 , 2 , . . . , N ) , 
t -> 0 0 
i t f o l l o w s t h a t 
l im E N ( t ) / E ( t ) = 0 
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A p h y s i c a l i n t e r p r e t a t i o n o f t h e v a l u e o f t h e s e l i m i t s i s a s f o l ­
lows . As t - > ° ° t h e k i n e t i c e n e r g y o f any i n d i v i d u a l p l a t e and t h e t o t a l 
k i n e t i c e n e r g y in t h e f i n i t e s t a c k o f p l a t e s and t h e c o u n t e r p a r t s o f 
t h e s e q u a n t i t i e s i n t h e i n f i n i t e s t a c k a l l a p p r o a c h z e r o . However t h e y 
do so i n a manner such t h a t t h e q u a n t i t y i n t h e f i n i t e s t a c k i s l e s s t h a n 
an a r b i t r a r y p o s i t i v e m u l t i p l e o f i t s c o u n t e r p a r t i n t h e i n f i n i t e s t a c k 
f o r s u f f i c i e n t l y l a r g e t . 
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APPENDIX A 
DERIVATION OF CERTAIN INTEGRAL RELATIONS 
In o r d e r t o d e r i v e e q u a t i o n s ( 3 7 a ) and ( 3 7 b ) , t h e well-known 
formula f o r i n t e g r a t i o n by p a r t s 
Jbu(g)dy = u(b)v(b) - u(a)v(a) - /"'v(g) dy 
a a 
i s u sed . A s u f f i c i e n t c o n d i t i o n f o r i t s v a l i d i t y i s t h a t u and v have 
c o n t i n u o u s d e r i v a t i v e s on [ a , b ] [ 7 , pp. 1 9 5 - 1 9 8 ] . 
From t h e i d e n t i t y s i n 0 = ( l - c o s 2 0 ) / 2 , one o b t a i n s 
J y 2 Jl - y 2 s i n 2 ( 2 vTt y ) d y = 
o 
\ [ \ 2 J l - Y 2 dy - \ V2Jl - y 2 c o s ( 4 vfty)dy 
=
 32 " 2 J 1y2 ^  " y2 C0S(4 y) dy • (A,1) 
o 
1 2 3 / 2 
Using t h e i n t e g r a t i o n - b y - p a r t s formula wi th V = - ^ ( l - y ) / and 
u = y c o s ( 4 ,Jft y ) y i e l d s 
J 1 y 2 ( l - y 2 ) 1 ^ 2 c o s ( 4 ^ t y ) d y = 
o 
ij1(l-y2)3/2 cos(4 ^tyjdy.l^  j y(l-y2)^2sin(Vp~ty)dy, 0 o 
( A . 2 ) 
7 3 
s i n c e v ( l ) = u ( 0 ) = 0 . Next choos ing u - s i n ( 4 , N / p r t y ) and v = - ^ ( l - y 2 ) 5 ^ 2 , 
one f inds t h a t 
J^yU - Y 2 ) 3 / 2 s i n ( 4 ^•ty)dy = ^J^U -y2)5/cos(4vf t y ) d y , 0 0 
( A . 3 ) 
s i n c e v ( l ) = u ( 0 ) * 0 . From e q u a t i o n s ( A . l ) , ( A . 2 ) , and ( A . 3 ) f o l l o w s t h e 
e q u a t i o n 
J 1 Y 2 7l - Y 2 s i n 2 ( 2 Jft y ) d y = 
o 
T2 - U 1 <1 - Y 2 ) V 2 c o s ( 4 # t y ) d y
 + J ' ( l 0 o 
cos(4//[ft y) dy , 
which i s e q u a t i o n ( 3 7 a ) . 
By t h e i d e n t i t y s i n 6 c o s 6 = ^ s i n 2 6 , 
I y u/l ~ y 2 s i n ( 2 vTt y) c o s ( 2 Jft y) dy = 
o 
\ I 1 v J 1 - Y 2
 s
^
4
 VFt Y) dy . 
0 
Using t h e i n t e g r a t i o n - b y - p a r t s formula w i th u = s i n ( 4 Jft y) and 
1 2 3 / 2 
V = - j ( l - y ) in t h e r i g h t hand s i d e o f t h i s l a s t e q u a t i o n , one 
o b t a i n s , s i n c e V ( l ) = u(o) = 0 , 
J yJl~-7 s i n ( 2 Jft y)cos(2jft y) dy = 0 
c o s ( 4 VjTt y) dy , 
which i s e q u a t i o n ( 3 7 b ) . 
From t h e i d e n t i t y c o s 6 = ( l + cos 2 8 ) / 2 f o l l o w s t h e e q u a t i o n 
J* Jl - y 2 c o s 2 ( 2 Jft y) dy = 
o 
| J V L - Y 2 dy + | J V L - y 2 c o s ( 4 Jft y) dy 
O 0 
which i s e q u a t i o n ( 3 7 c ) . 
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APPENDIX B 
PERTINENT RELATIONS INVOLVING BESSEL FUNCTIONS 
E q u a t i o n s ( 4 1 a ) , ( 4 1 b ) , and ( 4 1 c ) can be d e r i v e d from t h e r e l a t i o n s 
n qo 
J n ( 2 z ) = JjUlJ^jCzJ + 2 . £ (z)J n + j(z) , ( B . l ) 
J=o j = l 
2n oo 
0 =
 I J j ( z ) J 2 n - j ( z ) + 2 I J j ( z ) J 2 n + j ( z ) > n ^ 1 ( B ' 2 ) 
J=o j = l 
and 
1 = J 2 ( z ) + 2 7 J 2 ( z ) ( B . 3 ) 0 .Li J 
j = l 
[ 4 , p . 3 6 3 ] . 
S u b t r a c t i n g ( B . l ) w i t h n = 0 from ( B . 3 ) y i e l d s 
OO CO 
1 - Jq(2z) = 2 £ J 2 j - l ( z ) + 2 E J 2 j - l ( z ) ' ( B ' 4 ) 
j = l j = l 
where t h e i d e n t i c a l s e r i e s a r e not combined f o r r e a s o n s t h a t w i l l be 
e v i d e n t s h o r t l y . S u b t r a c t i n g ( B . 2 ) w i t h n = 2 from ( B . l ) w i t h n = 4 y i e l d s 
oo 
J 4 ( 2 z ) = 4 J 1 ( z ) J 3 ( z ) - 4 7 J 2 j - l ( z ) J 2 j + 3 ( z ) ' ( B ' 5 ) 
j = l 
Adding ( B . 4 ) w i t h a change o f index in t h e second s e r i e s and ( B . 5 ) , one 
o b t a i n s 
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[ 1 - J ( 2 z ) + J . ( 2 z ) ] = 
4 J 1 ( z ) J 3 ( z ) + 2 I J22yi(z) - 4 I J ? . _ 1 ( z ) J 2 j + 3 ( z ) + 2 £ J 2 . + 3 ( z ) 
j = l j = l j = - l 
= 2 J x 2 ( z ) + 4 J 1 ( z ) J 3 ( z ) + 2 J 3 2 ( z ) 
oo 
+
 2 ll^U) - 2 J 2 . _ 1 ( z ) J 2 j + 3 ( z ) + J ' j + 3 ( z ) ] . 
S i n c e J ^ ( z ) = - J ^ ( z ) [ 4 , p . 3 5 8 ] , e q u a t i o n ( 4 1 a ) f o l l o w s from t h i s e q u a ­
t i o n . 
From e q u a t i o n ( B . l ) w i t h n = 3 , 
00 
J 3 ( 2 z ) = 2 J Q ( Z ) J 3 ( Z ) + 2 J x ( z ) J 2 ( z ) + 2 £ ( - 1 ) j J j ( z ) ^ ( z ) 
00 
= 2 J Q ( Z ) J 3 ( Z ) + 2 J 1 ( z ) J 2 ( z ) - 2 E ^ J 2 j - l ( z ) J 2 j + 2 ( z ) " J 2 j ( z ) J 2 j + 3 ( 3 ) ] 
j = l 
( B . 6 ) 
From e q u a t i o n ( B . l ) w i t h n = 1 , 
J x ( 2 z ) = 2 J Q ( Z ) J 1 ( Z ) + 2 Y, ( - l ) J J j ( z ) J 1 + j ( z ) 5 
j = l 
and by a m o d e r a t e l y c o m p l i c a t e d but j u s t i f i a b l e r e a r r a n g e m e n t 
J x ( 2 z ) = 2 J Q ( Z ) J 1 ( Z ) + 2 J 2 ( z ) J 3 ( z ) 
+
 Z l J 2 J . 1 ( Z ) J 2 . ( Z ) - J 2 j + 3 ( z ) J 2 j + 2 ( z ) ] ( B . 7 ) 
j = l 
7 7 
f o r z r e a l . Adding ( B . 6 ) and ( B . 7 ) , one o b t a i n s 
[ ^ ( 2 2 ) + J 3 ( 2 z ) ] = 2 J 1 ( z ) J Q ( z ) + 2 J 1 ( z ) J 2 ( z ) + 2 J 3 ( z ) J o ( z ) + 2 J 3 ( z ) J 2 ( z ) 
CO 
-
 2
 E [ J 2 j - l < z ) J 2 j ( z ) + J 2 j - 1 ( z ) J 2 j + 2 ( z ) - J 2 j + 3 ( Z ) J 2 J ( Z ) 
j = l 
-
 J
2 j + 3 ( Z ) J 2 J + 2 ( Z ) ] • 
S i n c e J ^ z ) - - J
 1 ( z ) [ 4 , p . 3 5 8 ] , e q u a t i o n ( 4 1 b ) f o l l o w s from t h i s e q u a ­
t i o n . 
Adding ( B . l ) w i t h n = 0 and ( B . 3 ) y i e l d s 
CO 0 0 
1 + J q ( 2 Z ) = 2 J Q 2 ( z ) + 2 7 J ^ ( z ) + 2 7 J 2 j ( z ) . ( B . 8 ) 
j = l j - l 
Adding ( B . l ) w i t h n = 2 and ( B . 2 ) w i t h n = 1 y i e l d s 
>-QO 
J 2 ( 2 z ) = 4 J Q ( Z ) J 2 ( Z ) + 4 ^ J 2 j ( z ) J 2 j + 2 ( z ) ' ( B ' 9 ) 
j - l 
Adding ( B . 8 ) w i t h a change o f index in t h e second s e r i e s and ( B . 9 ) , one 
o b t a i n s 
1 + J ( 2 z ) + J 0 ( 2 z ) = 2 J 2 ( z ) + 4 J ( z ) J 0 ( z ) 
O 2. 0 0 Z. 
OO 00 00 
+ 2
 E J 2 j ( z ) + 4 E J 2 j ( z ) J 2 + 2 j ( z ) + 2 E J 2 j + 2 ( Z ) 
j = l j = l j * o 
= 2 J Q 2 ( z ) + 4 J Q ( Z ) J 2 ( Z ) + 2 J 2 2 ( z ) 
CO 
+ 2
 E [ J 2 J ( Z ) + 2 J 2 j ( z ) J 2 j + 2 ( z ) + J 2 j + 2 ( Z ) ] ' 
which i s e q u a t i o n ( 4 1 c ) . 
E q u a t i o n ( 7 0 ) can be d e r i v e d from ( B . l ) and t h e d e f i n i t i o n o f I^(z), 
i j ( z ) = r j j . ( z ) . 
From ( B . l ) w i t h n = 0 and z r e p l a c e d by i z , 
oo 
I ( 2 z ) = J ( 2 i z ) = 2 J 2 ( i z ) + 2 r ( - l ) j J , 2 ( i z ) . 
0 0 0 Lx J 
j = l 
But ( - l ) j = i ~ 2 j ; hence 
oo oo 
I o ( 2 z ) = I Q 2 ( z ) + £ l / ( z ) + I 1 / * 2 ' • ( B ' 1 0 ) 
3=1 j = l 
From ( B . l ) w i t h n = 1 , 
r 
I : ( 2 z ) = i _ 1 J 2 ( 2 i z ) = 
oo 
i " 1 2 J Q ( i z ) J 1 ( i z ) + 2 i _ 1 Y ( - D J J j ( i z ) J j + 1 ( i z ) . 
S i n c e i ^ - l ) - 3 = i " 2 ^ 1 , i t f o l l o w s t h a t 
00 
I 1 ( 2 z ) = 2 I Q ( z ) l 1 ( z ) + 2 £ I j ( z ) I J + 1 ( z ) . ( B . l l ) 
j = l 
Adding ( B . 1 0 ) w i th a change o f i n d e x in t h e second s e r i e s and ( B . l l ) , 
one o b t a i n s 
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I ( 2 z ) + I . ( 2 z ) = I 2 ( z ) + 21 ( z ) l . ( z ) 
0 1 0 0 1 
oo oo CO 
+
 L 1 / ^ + 2 I I j ( z ) I j + i ( z ) + lz]n{z) • 
j = l j = l j=o 
CO 
= £ [ l j 2 ( z ) + 2 I . ( z ) I j + 1 ( z ) + I 2 + 1 ( z ) ] , 
which i s e q u a t i o n ( 7 0 ) . 
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APPENDIX C 
PROOF OF THEOREM EIGHT 
T h e r e e x i s t r a t i o n a l numbers , r 2 , . . . , r ^ ( n o t a l l z e r o ) such 
t h a t 
r ^ N . l ) + r 2 u ( N , 2 ) + . . . + r^u(N,N) = 0 
i f and o n l y i f t h e r e e x i s t i n t e g e r s n ^ , n 2 , . . . , n ^ ( n o t a l l z e r o ) such 
t h a t 
N 
p - i 
L e t X -
 e
2 ( 2 N + l ) ^ E q u a t i o n ( C . l ) i s e q u i v a l e n t t o 
f n ( X 2 ? - 1 - \ - 2 P + 1 ) = 0 . ( C 2 ) 
p - 1 
Assuming t h a t t h e r e a r e i n t e g e r s n ^ , n 2 , . . . , n ^ not a l l z e r o f o r which 
( C . 2 ) h o l d s , l e t h be t h e i n t e g e r such t h a t n^ / 0 and n p = 0 i f 
OK — 1 
h < p < N. M u l t i p l y i n g by X " ( ^ 0 ) and n e g l e c t i n g t h e t e r m s f o r 
which p > h in e q u a t i o n ( C . 2 ) , one o b t a i n s 
f n ( X 2 ( h + P - 1 } - \ 2 ( h " p ) ) = 0 . ( C 3 ) 
U p 
p-1 
I t i s e a s i l y shown t h a t c o n v e r s e l y i f t h e r e a r e i n t e g e r s n ^ , n 2 , . . . , n ^ 
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such t h a t h < N, f 0 , and ( C . 3 ) h o l d s , then t h e r e a r e i n t e g e r s 
n ^ , n 2 , . . . , n ^ not a l l o f which a r e z e r o such t h a t ( C . l ) h o l d s . 
A po lynomia l P ( X ) o f d e g r e e n i s a r e c i p r o c a l po lynomia l o f t h e 
f i r s t o r second c l a s s when i t s a t i s f i e s 
r + P ( X ) 
X n P ( i ) = < o r 
L - P ( X ) 
r e s p e c t i v e l y [ 9 , p . 2 1 ] . I t f o l l o w s r e a d i l y t h a t a po lynomia l G ( x ) o f 
d e g r e e 2 h - l i s a r e c i p r o c a l po lynomia l o f t h e second c l a s s i f and o n l y i f 
h 
G ( x ) = £ c ( X ( n + P - 1 ) ! - X ( h " P } ) . 
p=l 
Thus from e q u a t i o n ( C . 3 ) i t f o l l o w s t h a t one can p r o v e Theorem 8 by 
prov ing t h a t 2N+1 not being a prime i s a n e c e s s a r y and s u f f i c i e n t c o n ­
d i t i o n f o r t h e e x i s t e n c e o f a po lynomia l G ( x ) w i th t h e s e p r o p e r t i e s : 
( i ) G ( x ) has i n t e g e r c o e f f i c i e n t s ; 
( i i ) t h e d e g r e e o f G ( x ) i s 2 h - l < 2 N - 1 ; 
( i i i ) G ( \ 2 ) = 0 ; and 
( i v ) G ( x ) i s a r e c i p r o c a l po lynomia l o f t h e second c l a s s . 
The r e m a i n d e r o f t h i s Appendix r e l i e s h e a v i l y on t h e t h e o r y o f 
numbers. A b a s i c knowledge i s assumed; p e r t i n e n t d e f i n i t i o n s a r e made; 
and theorems a r e s t a t e d w i t h o u t p r o o f . 
The c y c l o t o m i c po lynomia l o f i n d e x n i s d e f i n e d by 
F ( X ) = n (X - np) , 
n
 P 
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i2n 
cp(n) = n ( l - £ - ) (1 - -r) (1 " ^ ) » ( c - 4 ) 
p l p 2 p r 
where p ^ j p ^ , « . . , P r a r e a l l t h e d i s t i n c t pr ime f a c t o r s o f n [ 1 4 , p . 3 4 ] , 
Another p r o p e r t y o f ?nW i s t h a t i t i s a r e c i p r o c a l po lynomia l o f t h e 
f i r s t c l a s s [ 9 , p . 6 8 ] . 
Now assume t h a t a po lynomial G(X) s a t i s f y i n g p r o p e r t i e s ( i ) 
through ( i v ) e x i s t s . S i n c e G ( \ 2 ) = 0 and \ 2 =
 e i 2 i t / 2 ( 2 N + l ) ^ ^ e d e g r e e 
2 h - l o f G ( x ) must be g r e a t e r t h a n o r equal t o t h e d e g r e e o f ^ 2 ( 2 N + l ) ^ ^ ' 
which i s <p ( 2 ( 2 N + l ) ) . Now suppose in a d d i t i o n t h a t 2N+1 i s a p r i m e . By 
e q u a t i o n ( C . 4 ) 
<p(2(2N+l)) = 2 ( 2 N + l ) ( l - | ) ( 1 - g ^ j - ) 
= 2N . 
But by p r o p e r t y ( i i ) 2 h - l < 2 N - 1 ; hence by c o n t r a d i c t i o n 2N+1 i s not 
p r i m e . 
* 
The p r o o f o f Lemma 1 on page 161 o f t h i s r e f e r e n c e i s i n c o r r e c t . 
However t h e lemma i s p r o v a b l e and i s g i v e n a s an e x e r c i s e in [ l 3 , p . 9 7 ] , 
where \L = e n and p r a n g e s o v e r a l l p o s i t i v e i n t e g e r s l e s s t h a n n and 
prime r e l a t i v e t o n. I t can be shown t h a t has i n t e g e r c o e f f i c i e n t s 
and t h a t among a l l such p o l y n o m i a l s , i t ( o r an i n t e g e r m u l t i p l e o f i t ) 
i s t h e one o f l e a s t d e g r e e f o r which [i i s a z e r o [ 1 2 , pp. 1 5 8 - 1 6 4 ] . 
C l e a r l y t h e d e g r e e o f ^ n ( ^ ) i s <p(n)> where cp(n) i s t h e number o f p o s i ­
t i v e i n t e g e r s l e s s t h a n n which a r e prime r e l a t i v e t o n. I t can be shown 
t h a t 
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Next assume t h a t 2N+1 i s not a p r i m e . The po lynomia l 
G(X) = (X - D F 2 ( 2 N + 1 ) ( X ) 
s a t i s f i e s p r o p e r t i e s ( i ) through ( i v ) . 
P r o p e r t y ( i ) . C l e a r l y G ( x ) has i n t e g e r c o e f f i c i e n t s s i n c e 
^ 2 ( 2 N + l ) ^ X ^ h a s i n - t e 9 e r c o e f f i c i e n t s . 
P r o p e r t y ( i i ) . The d e g r e e o f G ( x ) i s c p ( 2 ( 2 N + l ) ) + 1 . L e t 
p ^ , p ^ , . . . , P r be a l l t h e d i s t i n c t prime f a c t o r s o f 2N+1. Then from equa­
t i o n ( C . 4 ) 
<p(2(2N+l ) ) = 2 ( 2 N + 1 ) ( 1 - h i l - " — ) 
2 PX P p 
s i n c e 2 i s not a prime f a c t o r o f 2N+1. Hence , 
q>(2(2N+l)) = ( 2 N + l ) ( l - ~ ) . . . ( l - -f- ) 
P l p r 
= <p(2N+l) . 
S i n c e p ^ , p 2 , . . . , p r a r e odd i n t e g e r s 
ep(2N+l) = ( 2 N + 1 ) ( ^ - ^ ) ...(^Jl) 
P l P r 
i s an even i n t e g e r . From t h e d e f i n i t i o n o f cp(n) , s i n c e 2N+1 i s assumed 
not t o be a p r i m e , i t f o l l o w s t h a t 
<p(2N+l) < 2N - 1 . 
S i n c e c p (2N+1) i s e v e n . 
<p(2N+l) < 2N - 2 , and 
84 
q>(2N+l) + 1 i s odd. Hence t h e d e g r e e o f G ( x ) , 
<p(2N+l) + 1 = 2 h - l < 2N-1 , 
and p r o p e r t y ( i i ) i s s a t i s f i e d . 
P r o p e r t y ( i i l ) . From t h e d e f i n i t i o n s o f ? n ( x ) i t f o l l o w s t h a t 
2 2 2 
G ( \ ) = (\ - 1 ) F 2 ( 2 N + l ) ^ ^ = °* Hence p r o p e r t y ( i i i ) i s s a t i s f i e d . 
P r o p e r t y ( i v ) . The p r o d u c t o f two r e c i p r o c a l p o l y n o m i a l s o f d i f ­
f e r e n t c l a s s e s i s e a s i l y shown t o be a r e c i p r o c a l po lynomia l o f t h e second 
c l a s s . S i n c e X - 1 i s a r e c i p r o c a l po lynomia l o f t h e second c l a s s and 
^ 2 ( 2 N + l ) ^ X ^ * S a r e c i P r o c a l po lynomia l o f t h e f i r s t c l a s s , p r o p e r t y ( i v ) 
i s s a t i s f i e d . Thus i f 2N+1 i s not a p r i m e , t h e r e e x i s t s a po lynomial s a t ­
i s f y i n g p r o p e r t i e s ( i ) through ( i v ) . 
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